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Rodriguez Approach for Representing Rotation

𝛼

𝜃

𝑃

𝑘Axis of Rotation 𝑢

𝑃 െ ሺ𝑃⨀𝑢ሻ𝑢
𝑃 െ ሺ𝑃⨀𝑢ሻ𝑢 = 𝑃 sin 𝛼

ሺ𝑃⨀𝑢ሻ𝑢
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𝑘 ൌ 𝑢 ൈ 𝑃 െ 𝑃⨀𝑢 𝑢 ൌ 𝑢 ൈ 𝑃

𝑘 ൌ 𝑃 sin 𝛼

Then 𝑘 & 𝑃 െ 𝑃⨀𝑢 𝑢 are equivalent in size ( 𝑃 sin 𝛼)

Thus

𝑃ᇱ = rotated vector around 𝑢 with an angle 𝜃

𝑃ᇱ ൌ 𝑃⨀𝑢 𝑢 ൅ cos 𝜃 𝑃 െ 𝑃. 𝑢 𝑢 ൅ sin 𝜃 𝑢 ൈ 𝑃 ൌ  1 െ cos 𝜃 𝑃⨀𝑢 𝑢 ൅ cos 𝜃 𝑃 ൅ sin 𝜃 𝑈෡𝑃

𝑈෡ ൌ
0 െ𝑢௭ 𝑢௬

𝑢௭ 0 െ𝑢௫
െ𝑢௬ 𝑢௫ 0

3 ൈ 3 matrix
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• 𝑃ᇱ ൌ 1 െ cos 𝜃 𝑃⨀𝑢 𝑢 ൅ cos 𝜃 𝑃 ൅ sin 𝜃 𝑈෡𝑃

• Now, let’s focus on 𝑃⨀𝑢 𝑢

• First, let’s consider 𝑢 ൈ 𝑢 ൈ 𝑃 ൌ 𝑈෡𝑈෡𝑃 ൌ 𝑈෡ଶ𝑃

• 𝑢 ൈ 𝑢 ൈ 𝑃 ൌ 𝑢 𝑢⨀𝑃 െ 𝑃 𝑢⨀𝑢

• Thus 𝑢 ൈ 𝑢 ൈ 𝑃 ൌ 𝑈෡ଶ𝑃 ൌ 𝑢⨀𝑃 𝑢 െ 𝑃 ൌ 𝑃⨀𝑢 𝑢 െ 𝑃

• 𝑃⨀𝑢 𝑢 ൌ 𝑈෡ଶ𝑃 ൅ 𝑃

• Finally: 𝑃ᇱ ൌ 1 െ cos 𝜃 𝑈෡ଶ𝑃 ൅ 𝑃 ൅ sin 𝜃 𝑈෡𝑃
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• In other words:

• 𝑃ᇱ ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ ሺ1 െ cos 𝜃ሻ𝑈෡ଶ 𝑃

• Therefore, the rotation matrix 𝑅 ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ 1 െ cos 𝜃 𝑈෡ଶ

• Claim: 𝑅 ൌ 𝑒௎෡ఏ

• In conclusion, Rodriguez Rotation Formula

• 𝑃ᇱ ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ 1 െ cos 𝜃 𝑈෡ଶ 𝑃
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𝑈 ൌ

𝑢௫
𝑢௬
𝑢௭

unit vector: 𝑢௫
ଶ ൅ 𝑢௬

ଶ ൅ 𝑢௭
ଶ ൌ 1

𝑈෡ ൌ
0 െ𝑢௭ 𝑢௬

𝑢௭ 0 െ𝑢௫
െ𝑢௬ 𝑢௫ 0

𝑈෡ଶ ൌ
0 െ𝑢௭ 𝑢௬

𝑢௭ 0 െ𝑢௫
െ𝑢௬ 𝑢௫ 0

0 െ𝑢௭ 𝑢௬
𝑢௭ 0 െ𝑢௫

െ𝑢௬ 𝑢௫ 0
ൌ

െ𝑢௭
ଶ െ 𝑢௬

ଶ 𝑢௫𝑢௬ 𝑢௫𝑢௭

𝑢௫𝑢௬ െ𝑢௫
ଶ െ 𝑢௭

ଶ 𝑢௬𝑢௭

𝑢௫𝑢௭ 𝑢௬𝑢௭ െ𝑢௫
ଶ െ 𝑢௬

ଶ

ൌ
𝑢௫

ଶ െ 1 𝑢௫𝑢௬ 𝑢௫𝑢௭

𝑢௫𝑢௬ 𝑢௬
ଶ െ 1 𝑢௬𝑢௭

𝑢௫𝑢௭ 𝑢௬𝑢௭ 𝑢௭
ଶ െ 1
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𝑈෡ଷ ൌ
𝑢௫

ଶ െ 1 𝑢௫𝑢௬ 𝑢௫𝑢௭

𝑢௫𝑢௬ 𝑢௬
ଶ െ 1 𝑢௬𝑢௭

𝑢௫𝑢௭ 𝑢௬𝑢௭ 𝑢௭
ଶ െ 1

0 െ𝑢௭ 𝑢௬
𝑢௭ 0 െ𝑢௫

െ𝑢௬ 𝑢௫ 0

ൌ
𝑢௫𝑢௬𝑢௭ െ 𝑢௫𝑢௬𝑢௭ െ𝑢௫

ଶ𝑢௭ ൅ 𝑢௭ ൅ 𝑢௫
ଶ𝑢௭ 𝑢௫

ଶ𝑢௬ െ 𝑢௬ െ 𝑢௫
ଶ𝑢௬

𝑢௬
ଶ𝑢௭ െ 𝑢௭ െ 𝑢௬

ଶ𝑢௭ െ𝑢௫𝑢௬𝑢௭ ൅ 𝑢௫𝑢௬𝑢௭ 𝑢௫𝑢௬
ଶ െ 𝑢௫𝑢௬

ଶ ൅ 𝑢௫

𝑢௬𝑢௭
ଶ െ 𝑢௬𝑢௭

ଶ ൅ 𝑢௬ െ𝑢௫𝑢௭
ଶ ൅ 𝑢௫𝑢௭

ଶ െ 𝑢௫ 𝑢௫𝑢௬𝑢௭ െ 𝑢௫𝑢௬𝑢௭

ൌ
0 𝑢௭ െ𝑢௬

െ𝑢௭ 0 𝑢௫
𝑢௬ െ𝑢௫ 0

ൌ െ𝑈෡

𝑈෡ସ ൌ െ𝑈෡ଶ    𝑈෡ହ ൌ 𝑈෡    𝑈෡଺ ൌ 𝑈෡ଶ ⋯
𝑈෡
↕

𝑈෡ଵ
,

𝑈෡ଶ

↕
𝑈෡ଶ

,
െ𝑈෡

↕
𝑈෡ଷ

,
െ𝑈෡ଶ

↕
𝑈෡ସ

,
𝑈෡
↕

𝑈෡ହ
,

𝑈෡ଶ

↕
𝑈෡଺

,
െ𝑈෡

↕
𝑈෡଻

,
െ𝑈෡ଶ

↕
𝑈෡଼
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Now, let’s evaluate 𝑒௎෡ఏ

𝑒௎෡ఏ ൌ 𝐼ଷ ൅ ఏ௎෡
ଵ!

൅ ఏమ௎෡మ

ଶ!
൅ ఏయ௎෡య

ଷ!
൅ ఏర௎෡ర

ସ!
൅ ఏఱ௎෡ఱ

ହ!
൅ ఏల௎෡ల

଺!
൅ ⋯

ൌ 𝐼ଷ ൅ 𝜃𝑈෡ ൅ ఏమ

ଶ!
𝑈෡ଶ െ ఏయ

ଷ!
𝑈෡ െ ఏర

ସ!
𝑈෡ଶ ൅ ఏఱ

ହ!
𝑈෡ ൅ ఏల

଺!
𝑈෡ଶ െ ఏళ

଻!
𝑈෡ ൅ ⋯

ൌ 𝐼ଷ ൅ 𝜃 െ ఏయ

ଷ!
൅ ఏఱ

ହ!
െ ఏళ

଻!
൅ ⋯ 𝑈෡ ൅ ఏమ

ଶ!
െ ఏర

ସ!
൅ ఏల

଺!
െ ఏఴ

଼!
൅ ⋯ 𝑈෡ଶ

ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ ሺ1 െ cos 𝜃ሻ𝑈෡ଶ we need to prove that
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According to Taylor Series expansion

𝑠𝑖𝑛 𝜃 ൌ 𝑠𝑖𝑛 0 ൅ 𝑐𝑜𝑠 0 𝜃 െ 𝑠𝑖𝑛 0 ఏమ

ଶ!
െ 𝑐𝑜𝑠 0 ఏయ

ଷ!
൅ 𝑠𝑖𝑛 0 ఏర

ସ!
൅ 𝑐𝑜𝑠 0 ఏఱ

ହ!

െ 𝑠𝑖𝑛 0 ఏల

଺!
െ 𝑐𝑜𝑠 0 ఏళ

଻!
൅ ⋯

ൌ 𝜃 െ ఏయ

ଷ!
൅ ఏఱ

ହ!
െ ఏళ

଻!

𝑐𝑜𝑠 𝜃 ൌ 𝑐𝑜𝑠 0 െ 𝑠𝑖𝑛 0 𝜃 െ 𝑐𝑜𝑠 0 ఏమ

ଶ!
൅ 𝑠𝑖𝑛 0 ఏయ

ଷ!
൅ 𝑐𝑜𝑠 0 ఏర

ସ!
െ 𝑠𝑖𝑛 0 ఏఱ

ହ!

െ 𝑐𝑜𝑠 0 ఏల

଺!
൅ 𝑠𝑖𝑛 0 ఏళ

଻!
൅ 𝑐𝑜𝑠 0 ఏఴ

଼!
⋯

ൌ 1 െ ఏమ

ଶ!
൅ ఏర

ସ!
െ ఏల

଺!
൅ ఏఴ

଼!
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So, finally

𝑅 ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ ሺ1 െ cos 𝜃ሻ𝑈෡ଶ ൌ 𝑒௎෡ఏ

Rodriguez Rotation Formula

𝑃ᇱ ൌ 𝐼ଷ ൅ sin 𝜃 𝑈෡ ൅ 1 െ cos 𝜃 𝑈෡ଶ 𝑃

where 𝑈෡ ൌ
0 െ𝑢௭ 𝑢௬

𝑢௭ 0 െ𝑢௫
െ𝑢௬ 𝑢௫ 0

&
𝑢௫
𝑢௬
𝑢௭

is unit direction vector


