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Direct Linear Transformation &
Computer Vision Models

Chapter 7-A4
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Photogrammetry Vs. Computer Vision

« Conventional Photogrammetry is focusing on precise
geometric information extraction from imagery.
— Topographic mapping from space borne and airborne imagery
— Metrological information extraction through close-range
photogrammetry (terrestrial photogrammetry)
* Object-to-camera distance is less than 100meter
« Computer Vision (CV) 1s mainly concerned with
automated 1mage understanding:
— Object recognition,
— Navigation and obstacle avoidance, and

— Object modeling
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Airborne Photogrammetric Mapping )
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Airborne Photogrammetric Mapping
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Close-Range Photogrammetric Mapping
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CV: Object Recognition

Person on Bike
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Photogrammetry Vs. Computer Vision

* Photogrammetry 1s always concerned with precise
geometric information extraction.

— Photogrammetric mapping considers potential deviations from
the assumed perspective projection.

e For Computer Vision (CV):

— Focus 1s always on automation.

— Object recognition and navigation applications do not require
precise derivation of geometric information.

— Depending on the application, object modeling might require
precise geometric information extraction.

— CV usually assumes that the collinearity of the object point,
perspective center, and corresponding image point 1s
maintained, even for un-calibrated cameras.
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Object-to-Image Coordinate
Transformation in Photogrammetry

Collinearity Equations
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Collinearity Equations

0a=A OK

These vectors should be defined w.r.t.
the same coordinate system.
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Collinearity Equations

_____________________

(Perspective Center)
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The vector connecting the perspective center to the image point
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Collinearity Equations

x —dist_
y, —dist,
0

w.r.t. the image coordinate system

0O

a
X,—X, —dist,
V.—y,—dist,

—C
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Collinearity Equations

The vector connecting the perspective center to the object point

X A X 0 X 4 X 0
—_ . m . _ . _
V=t =| Y |=| X, |=| 4 — X,
L, |4, | | Zs— 4,
w.r.t. the ground coordinate system
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Collinearity Equations

oa=/A0A
v, =r. =4 M(a)qo,lc) V =A R 7,
_xa - X, —dist. m11 m, mB_
Y, —y,—dist, |=A|my my, m,
i —C | | My My, Mas

Where: A is a scale factor (+ve).
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Collinearity Equations

M =R
Y =x _Cmn(XA_X0)+mlz(YA_Y0)+ml3(ZA_ZO)
T my (X=X g, (Y=Y m (Z,2,)
my, (X=X ), (Y, =Y m,y (£,—Z,)

2

+dist.

Y=V, C
m’31 (XA_XO )‘|‘Wl32 (}IA_}IO )+rn’33 (ZA_ZO)

R=R"
WX, =X (Y=Y, (Z,—2,)

X =X, —C +dist.

o (X=X H1, (Y, =Y )+ (Z,-2,)
o (X —X 1, (Y =Y A, (£ ,—2)
s (X=X Hr, (Y, =Y )+ (Z,-2,)

Y,=y,~€

+dwg

+dzsty
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Object-to-Image Coordinate
Transformation

Direct Linear Transformation

Computer Vision Model
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DLT & Computer Vision Models

 The DLT and computer vision models encompass:
— Collinearity Equations,

— Non-orthogonality (o) between the axes of the image/camera
coordinate system, and

— Two scale factors (S, S,) along the axes of the image
coordinate system.

« DLT & CV models can directly deal with pixel
coordinates.

* We will start with modifying the rotation matrix to
consider the impact of the non-orthogonality (o).
— Primary rotation w (@ the X-axis of the ground coord. system
— Secondary rotation ¢ @ the Y, -axis

— Tertiary rotation k & (k + a) @ theZ,,-axis

CE 59700: Digital Photogrammetric Systems 17 Ayman F. Habib 7




2

Primary Rotation ()
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Primary Rotation ()

]
y|=|0
Z | _O
Y |=R,
Z

0 0 X,
cos® —smna|y,
sin@  cos®@ |z,
xa)

Yo
_ZCU_
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Secondary Rotation (¢)

A
I
I
I
I
I
, Y & Yo,
I
I
I
I
I
I

=
—
—
—
—y
—
—
—y
—
—y
—
—_— .
—
—y
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Secondary Rotation (¢)

x| | cosp 0 sin ¢__xw¢
v, = 0 1 O || Yoy

'z, | |—sm¢ 0 cosg| z,
X, X oo
Yo PRy YV

| Z0 _Z P
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Tertiary Rotation (k)
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Tertiary Rotation (k)

X g COS K

Vo | = SINK
Zap | L 0

X oo X wpic

ya)¢ :RK' ya)¢l('
| Zy |  Zgr |
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zZ

Rotation 1n Space

=R,R,R,

// to the ground coordinate system
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// to the image coordinate system
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Rotation in Space

where

¥, =COS @COoS K

¥, =— COS @sin K

¥, =sin @

r,, =C0S @sin K+sin @sin @¢cos K
r,, =COS @MCOS K—sIn @sin @sin K
r,, =—SIN @ Cos @

ry, =SIn @sin K—cos @sin ¢cos K
¥y, =SIN W COS K+COsS @Wsin @sin K

V33 =COS @ COS ¢
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Consideration of the Non-Orthogonality (o)

Xy | |COSK —sin(k+a) 0] X,
Y, F sink cos(k+a) O 7Y,
L | | 0 0 1__Zw¢K_
Zoo & Loy
Y
K WOK
) /4 YO)(I)
/
— /
/IC?
X
5
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Consideration of the Non-Orthogonality (o)

X g cosk —sin(k+a) O] X b
Y, F sink cos(k+a) O 7Y,
Zow || O 0 L Z pox

Assuming small non-orthogonality angle (o)

SIN(K+@)=sIn kK COSX + COSK sIn& = SIn K + (X COS K

COS(K+()=COSK COS(X — SINK SINX = COSK — & SIn K

Xy | |COSK —sink—acosk O X,
Y, Fsink cosk—asink O ¥,
Ly | L O 0 L) Z g
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Consideration of the Non-Orthogonality (o)

(cosk —sink—acosk 0] [cosx —-sink O][1 —a 0

sink cosk—oasink O|=|sink cosxk O||0 1 O

0 0 i/ o o 1]lo o 1

X I —a 0 X, I —o 0] X,
Y ER,RR|0O 1 0| Y, |=Rl0 1 0f7,
_Z_ _O 0 1__Zw¢K_ _O 0 1__Zw¢K_
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Consideration of the Non-Orthogonality (o)

X I —a 0| X,
Y|=R|0O 1 O0f|7Y,,
Z 0 0 1  Zope
1 —a 0" [1 a O
Note: [0 1 o] = [0 1 0]
0 0 1 0 0 1
X jow 1l a 0 X

—_ _ T
=Y |=]0 1 OR|Y
2] | Zoge 0 0 1] | Z]

// to the image coordinate system
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Consideration of the Non-Orthogonality (o)

coordinate system.

CE 59700: Digital Photogrammetric Systems

oSO =

S ~ R
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Collinearity Equations while considering the non-
orthogonality (o) between the axes of the image

X-X,
Y-Y,
Z-Z,

2
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Consideration of the Scale Factors

* Collinearity Equations while considering the non-
orthogonality (o) between the axes of the image
coordinate system & different scale factors.

(y=y,)/s,
—C

_(x—xp)/sx_

« Divide both sides by (-c).

—(x—x,)/(cs,)
-(y=y,)/(cs,)
]

1 «
=110 1
0 0
1
—A/c|0
0
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X-X,

Z-Z,
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Y-Y,

X-X,
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Z-Z,
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Consideration of the Scale Factors
© C8,—C,,C8, > C, &-Mc— A
_—(x—xp)/(cx)_ 1 o 0 _X—XO_
—(y=-y,)/c,)|=4|0 1 0R"| Y-1,
I 1 | 100 1| |Zz-Z,
—1/c, 0 O|(x—x)| |1 a O] [X-X,
0 —l/e, O)(y-y,)|=4|0 1 OR"| Y-1,
0 o 1| 1 | |0 o0 1| |z-z,
(x—x,)|  [-¢. 0 O]l a O] [X-X,]
y=y)|=A| 0 —¢, 0/|0 1 OR"|Y-Y,
1 | |0 o0 1)0 0 1] |Z-Z,
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DLT & Computer Vision Models

_(x—xp)_

y-y,)

_(x—)_cp)_

r=y,)

Y —Yp
1
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1 0
0 1

0 0

1

1

2

_X—XO_
R'| Y-Y,
_Z—ZO |
n By || X=X
n, I, Y=Y,
Py I3 _Z_Zo |
— X 1 11 o0 X,
_yp =10 1 yp
1 0o 0 1
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DLT & Computer Vision Models
X — Xp —c, —ac, 0 X—Xp
Y —DYp =A]0 —Cy 0|RT Y—YO
1 0 0 1 Z—1Zy
X 1 0 x,|[—c, —ac, O X —Xop
yl=24'[0 1 yp[O —Cy O|RT|Y —-Y,
1 0 0 1JLo 0 1 Z—-Zy
X —Cx —0Cy Xp X—Xp
yl=2'] 0 —c, Yp|RT|Y -V,
1 0 0 1 Z—1Zy!
X —Cxy —0Cy Xp X
y|=2| 0  —c, y|[RT -R"X,]|Y
1 0 0 1 1
Xo=1[X0 Yo Zo]"

7
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DLT & Computer Vision Models

X —Cxy —ACy Xp X
y|=A|0 —¢, y,|[RT —-R"X,] ;
1 0 0 1 1

X X

y| =A2KR'[I; —X,] g

1 1

Where:

—Cx —ACy Xp

K=]0 —Cy  Yp

0 0 1
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DLT & Computer Vision Models

o X
X
, Y
y|=A'KR [[3 _Xo]
Z
1
| — i 1 |
—c, —oc, x,
K= 0 —c, y,| ={Calibration Matrix}
0 0 1

R"|I, —X_|={Exterior Orientation Matrix}

1 0 0 —X,]
{Exterior Orientation Matrix} =RT|0 1 0 -Y,
0 0 1 —-Z,
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DLT & Computer Vision Model

The Direct Linear Transformation (DLT), which has

S

been developed by the photogrammetric community, 1s

an alternative to the collinearity equations that allows for
direct transformation between machine/pixel coordinates
and corresponding ground coordinates.

Ly X+LyY+L3Z+Ly

 LoX+LigY+L11Z+1

_Ll
= |Lsg

X
i [y
1l L,
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L1o

Ls
Ly
L11

L, |
Lg
Lz
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LsX+LgY+L,Z+Lg
 LoX+LigY+L11Z+1

The DLT can be also represented by the following form:
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DLT & Computer Vision Models

DLT: Direct Linear Transformation
Ly L, Lz Ly
Ls Le Ly Lg |=XKR'[I3 —X,]
Ly Lyg Lix Lig

L L, L] . —ac, X, ]
D=L, L, L |=A10 ——, y, |R
L, L, L, [0 0 1
L, —c, -ac, X, 11X,

L |=—A"1 0 -, y, |R'|T,
L, | 00 1] |Z,

CE 59700: Digital Photogrammetric Systems 38 Ayman F. Habib 7



2

DLT & CV Models: Pixel Coordinates

e The DLT & CV models can also consider the direct
transformation from pixel to ground coordinates.

' Image Coordinates

Pixel Coordinates

X (u—n./2) X x_pix_size
Y| =|n,./2 —v) Xy pix_size
1 1
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DLT & CV Models: Pixel Coordinates

X (u—n./2) X x_pix_size
Y| =|n./2 —v) Xy pix_size
1 1
X X_pix_size 0 —n./2 X x_pix_size][u
Y| = 0 —y_pix_size n,./2 Xy pix_size ] [V]
1 0 0 1 1
x X
y| =A2KR'[I; —X,] g
1
v 1.
X_pix_size 0 —n./2 X x_pix_size][u
0 —y pix_size n,./2 X y_pix_size ] lv]
0 0 1 1
X
— 2/ T _ Y
= VKR"[Is —X,]|,
1)
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DLT & CV Models: Pixel Coordinates
X_pix_size 0 —n./2 X x_pix_size );
0 —y pix_size n,/2 X y pix_size ] [ ] MNKR'[I3; —X,] 7
0 0 1
. R (X
u X_pix_size 0 —n./2 X x_pix_size v
[v] =X 0 —y_pix_size n,/2 X y_pix_size KR"[I3 —X,] 7
1 0 0 1 1
xX_pix_size 0 —n./2 X x_pix_size 1 n /x_pix_size 0 n./2
0 —y_pix_size n,/2 Xy pix_size ] = 0 —1/y_pix_size n,/2
0 0 1 0 0 1
. . (X |
u 1/x_pix_size 0 n./2 v
[v = A’ 0 —1/y_pix_size n,/2|KR"[I3 —X,] 7
- 0 0 1 1
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DLT & CV Models: Pixel Coordinates
e Moditied Calibration Matrix:

1/x_pix_size
K' = 0
0

—c,/x_pix_size
0
0

KI

u
:
1

CE 59700: Digital Photogrammetric Systems

0
—1/y pix_size
0

—ac,/x_pix_size
c,/y_pix_size

0

= AMK'RT[I;

42

n./2
n./2
1

_Xo]

I

=N

0
0

—ac, x,
—Cy Yp
0 1

1

X,/x_pix_size + n /2
—Yp/y_pix_size + n, /2

Ayman F. Habib
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DLT & CV Models: Pixel Coordinates

 For DLT when working with pixel coordinates, we have
the following model.

Ly L, L3 Ly
-|Ls L¢ L7 Lg [=NK'R'[I3 —X,]
Ly Lig Lix Lag

Ly Ly L

e |Lc Lg L,|=A2KRT
—L9 L10 L11
Ly Xo

e |Lg|=—-ANK'RT|Y,
L1, Z,

CE 59700: Digital Photogrammetric Systems 43 Ayman F. Habib 7



N

Modern Photogrammetry & Computer Vision

e Modern Photogrammetry and Computer Vision are
converging fields.
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DLT — IOPs & EOPs

Approach # 1
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DLT — IOP & EOP

L L L, —c
D=|L L L |=1] 0
_L9 LlO Lll _ | O
L, | . —ac,
Ly |==A] 0 —c,
L, 0 0
|:L12:| [ LlO
CE 59700: Digital Photogrammetric Systems 46
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DLT — IOP & EOP

e (Given:
L
Ly |=
_le
e Then:

N =
I

L6
LIO

L7
L11_

No Sign Ambiguity

CE 59700: Digital Photogrammetric Systems

47

Ayman F. Habib

2

7



DLT — IOP & EOP
_Ll Lz L3
DD'"=(AKR"Y(AKR"Y' =2 KK'=|L, L, L,
_L9 LIO L11
—c. —uac, xp__—cx 0
DD"=2| 0 —c, vy, ||l-ac, -c
0 0 1 X, Y,

Then:

A= i\/Lé + L, + L, {Sign Ambiguity}

M~ &
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DLT — 10P & EOP

_Ll Lz L3 Ll LS
DD'"=(AKR"YAKR"Y' =2 KK'=|L, L L, ||L, L,
_L9 LIO L11_ L3 L7

(DDT)3x1:L9 L+ LyL, + L11L3:/12 X

Then:

N :(L9L1+L10L2+L11L%2 o
P (L9 T LIO T Lll)

No Sign Ambiguity

2

~

10

t~

11
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DLT — IOP & EOP

DD"=(AKR"H(AKR")Y =V KK" =

(DDT)3><2:L9 Ly + Ly Ly + [411[47:/12 Yo

Then:

Y :(L9 LS T LlO L6 T L11L7)
’ (Ly + Liy + Liy)

_Ll L2
LS L6

_L9 L1o

No Sign Ambiguity

CE 59700: Digital Photogrammetric Systems 50
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DLT — IOP & EOP

DD"=(AKR"H(AKR")Y =V KK" =

(DDT)2X2=L§ T L26 T L%:ﬂ’z (y;-l-Ci)

_Ll L2
LS L6

_L9 L1o

2

L~
~

10

&~
t~

11

Then:
~ 9 5 5 —0.5
R 2
y 2 2 2\ V)
B (L9 T L 10 T L 11 ) i
No Sign Ambiguity
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DLT — IOP & EOP
_Ll Lz
DD"=(AKR")YAKR"' =2 KK"=|L, L,
_L9 LIO

(DD") ,=L L+ L, L +L L =% (ac, c,+x,¥,)

Then:

—1/ 1 5 2 6 3 7 —
O(Cx— Cy|: /Ié L%O Lfl) xp yp:|

No Sign Ambiguity
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DLT — 10P & EOP

_Ll Lz L3 Ll LS
DD'"=(AKR"YAKR"Y' =2 KK'=|L, L L, ||L, L,
_L9 LIO L11_ L3 L7

(DD") =L + >+ L:=X1 (¢ +a’ ¢ + x°

Then:

L+ L+ L 2 2 2
Cx — 2 2 2 —0( Cx — X
(L9 + Ly, + Ln) F

No Sign Ambiguity

0.

2

~

10

t~

11

5
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DLT — IOP & EOP

 (G1ven
_Ll L, L, ) __Cx —cC, xp_ _”11 51
Ly Ly L, |=4 —C, Vo2 ™
_L9 L, L11_ i 0 0 1 13 3
 Then:

Ly=Ar,=Asing

Sign Ambiguity

2
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* Objective: Resolve the sign ambiguity in A

X—X,
A
—C

« Since the scale factor 1s always +ve
s (X =Xo)+1y (Y =Yp)+r5(£-2,) = —ve

* Assuming that the origin (0, 0, 0) 1s visible 1n the

S| H (X =Xp)+1, (Y =Y5)+1,(£-2,)

Imagery

CE 59700: Digital Photogrammetric Systems 55 Ayman F. Habib 7
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Collinearity Equations

_’”11 (X =X,)+r, (Y=Y,)+r, (Z_Zo)_

E (X —=Xp)+r, (Y=Y,)+r; (Z_ZO)_

—13 Xy =Py Xy—1 Ly =>—ve




L4
L

_L12 .

* By choosing L, =1.

L,=-

A1y Xy +13 Y, + 13, Z,)

DLT — IOP & EOP
] —c. —ac, X, X,
=—A 0 —c¢, y,|R'|Y,
0 0 1 Z,

I=A (-1 Xy =13 Y, — 13 Z,)

1 =

CE 59700: Digital Photogrammetric Systems

1

(=73 Xo =13 Yy = 153 Z,)

A is Negative

A=—\1}+ I} + I,

56
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DLT — IOP & EOP

Ly=Ar,=Asing

L
sin@g=""
/ JE+1+ 1

* No sign Ambiguity
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DLT — IOP & EOP
_Ll L, L, _ __Cx —ac, xp_ _”11 1 ”31_
Ly Ly L;|=4 —C, Vo2 T2 Tx
_L9 L, Ln_ i 0 0 1 1" T I3

L,=Ar,=—Asinwcos¢
L,=Ar,=A4cosmcos¢

— L
tan @ = 10
Lll

No Sign Ambiguity

Ayman F. Habib =7
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DLT — IOP & EOP

Ll Lz L3
L5 L6 L7 =A
_L9 LIO Ll 1|

e Retrieve K

* Note: There 1s an ambiguity in k determination (+k cannot

be distinguished).

CE 59700: Digital Photogrammetric Systems

-c, —oc, X,
-6 )
i 0 0 1
_Ll L, L, IR
Ly Ly L,
_L9 L, L

7.
cosx =11
COS @

2

Ayman F. Habib =7
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DLT — IOP & EOP

Approach # 2: Matrix Factorization

CE 59700: Digital Photogrammetric Systems 60 Ayman F. Habib 7




N

DLT — IOP (Factorization # 1)

* Conceptual basis: Direct derivation of the calibration matrix
L L, L ||L L, L

DD'"=(AKR"(AKR")' =2 KK"=|L, L L, ||L L, L,
L, L, L,||L, L, L,
—c. —ac, xp_ | —c, 0 O]
DD'=4| 0 -¢, y,||-ac, —c, O
0 0 1 X Y, 1_

* Cholesky Decomposition of DD'— AK (Calibration Matrix)?

o ==
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DLT — IOP (Factorization # 2)

v e
CHO(N)=M ‘
M"M=N" ‘
v ‘ k
N=M"M" =2 KK’

AK=[CHO({DD"} "]
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L L, L, —c, —0c,
L, L L |=4 —C,
L, L, L, 0 0
_711 "2 713_ _Ll L, L,
By Ty T |=AlLs Ly L
51 B T3 Ly L, Ly

« Using the rotation matrix R, one can derive the individual

rotation angles m, ¢ and K.

CE 59700: Digital Photogrammetric Systems
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DLT — Rotation Angles
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Analysis
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Perspective Center

Ly Ly Ly L3][Xo
[LS —_- — lLS L6 L7 YO
L12 L9 L10 L11 ZO

L1X0 + L2Y0+LBZO — _L4
L5X0 + L6YO+L7Z0 — _L8
LoXy + L1oYyTL11Z, = —Ly5

¢ (Xp Yo, Zp) 1s the intersection point of three different
planes whose surface normals are (L, L,, L;), (L5, L, L)
and (L, L,,, L,,), respectively.
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.
Perspective Center

L L, L, —C, —oc, X, ||\ I I
Ly Ly L, |=4] 0 —C, Vol TN I3y
_L9 Ly, L11_ i 0 0 1 s s B3

e Assuming:
- x,~0.0and y,~ 0.0

— -oc, = 0.0
L L, L, —C .y —C I —C.
Ly Ly L, =4 —C, Ny, TC I —C I
_L9 L, L11_ UL Fy3 I3

* The three surfaces are orthogonal to each other.

— This would lead to better intersection.
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Perspective Center

L L, L, —c, —o0c. Xx,||n
LS L6 L7 :l _Cy yp r12
Ly L, L] i 0 0 1 1153
e Assuming:
— Xp;éO.O and yp;é0.0
— -oc, = 0.0
_Ll L, L3_ __erll+xprl3 —C I TX, Py
Ly Ly L, |= —C, M TY, Ny —C Ty, Py
_L9 Ly, Ln_ i N3 3

* Asx,and y, increase, the surface normals become almost

parallel.

— This would lead to weak intersection.
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Iy I3
Fyy T3
Fys I3

—C I3 T X, s

—C, I T Y, s
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e Assuming:

Rotation Angles

- x,~0.0and y,~ 0.0

— -oc, = 0.0
_Ll L2
LS L6
_L9 LIO

L,

L

7

Lll
» The rows of D are not correlated:

— They are orthogonal to each other.

e L-lis well defined.

L, L, —C,

Ly L,

Ly L,| | 0

—C i TC

—C, N, —C, Iy
N3 3
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-ac, X,
-6 Y
0 1
Cy 131
c, Ty
3
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Rotation Angles

i ha N3 L L, L, —-Cc, —ac, X,
By Ty hs |=ALs Ly L —-c, V,
| 7351 T3 I3 Ly, L, L 0 0 1
e Assuming:
— Xp;éO.O and yp;é0.0
— -oc, = 0.0
L L, L —C W tX, Ny —C I TX, Iy —C I TX, Iy

Ly Ly L, |=4 —C M TV, s TC TV, Py —C 15T Y, Iy

_L9 L, Ln_ s 3 33

e The rows of D tend to be highly correlated.
« L-!isnot well defined.
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