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Projective Transformation

Chapter 7-A3
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Projective Transformation
• Projective transformation is a plane to plane perspective 

transformation.
• The projective transformation involves eight parameters.
• The next few slides will establish the parametric 

relationship between the projective transformation 
parameters and the IOPs of the implemented camera and 
the EOPs of the involved image.
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Collinearity Equations – Projective Trans.

𝑥 − 𝑥𝑦 − 𝑦−𝑐 = 𝜆𝑅 𝑋 − 𝑋𝑌 − 𝑌𝑍 − 𝑍1 0 −𝑥0 1 −𝑦0 0 −𝑐 𝑥𝑦1 = 𝜆𝑅 1 0 −𝑋0 1 −𝑌0 0 𝑍 − 𝑍 𝑋𝑌1
1 0 −𝑥0 1 −𝑦0 0 −𝑐 𝑥𝑦1 = 𝜆𝑅 1 0 −𝑋0 1 −𝑌0 0 𝐴𝑋 + 𝐵𝑌 + 𝐶 − 𝑍 𝑋𝑌1

Object Plane Equation: 𝑍 = 𝐴𝑋 + 𝐵𝑌 + 𝐶

Collinearity Equations
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1 0 −𝑥0 1 −𝑦0 0 −𝑐 𝑥𝑦1 = 𝜆𝑅 1 0 −𝑋0 1 −𝑌0 0 𝐴𝑋 + 𝐵𝑌 + 𝐶 − 𝑍 𝑋𝑌11 0 −𝑥0 1 −𝑦0 0 −𝑐 𝑥𝑦1 = 𝜆𝑅 1 0 −𝑋0 1 −𝑌𝐴 𝐵 𝐶 − 𝑍 𝑋𝑌1

Collinearity Equations – Projective Trans.

𝑥𝑦1 = 𝜆 1 0 − 𝑥 𝑐0 1 − 𝑦 𝑐0 0 − 1 𝑐 𝑅 1 0 −𝑋0 1 −𝑌𝐴 𝐵 𝐶 − 𝑍 𝑋𝑌1



CE 59700: Digital Photogrammetric Systems Ayman F. Habib5

𝑥𝑦1 = 𝜆 1 0 − 𝑥 𝑐0 1 − 𝑦 𝑐0 0 − 1 𝑐 𝑅 1 0 −𝑋0 1 −𝑌𝐴 𝐵 𝐶 − 𝑍 𝑋𝑌1𝑥𝑦1 = 𝜆 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 𝐶 𝑋𝑌1𝑥𝑦1 = 𝜆𝐶 𝐶 𝐶 𝐶 𝐶 𝐶 𝐶𝐶 𝐶 𝐶 𝐶 𝐶 𝐶𝐶 𝐶 𝐶 𝐶 1
𝑋𝑌1

Collinearity Equations – Projective Trans.
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𝑥𝑦1 = 𝜆𝐶 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 𝑋𝑌1 = 𝜆` 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 𝑋𝑌1

𝑥𝑦1 = 𝜆𝐶 𝐶 𝐶 𝐶 𝐶 𝐶 𝐶𝐶 𝐶 𝐶 𝐶 𝐶 𝐶𝐶 𝐶 𝐶 𝐶 1
𝑋𝑌1

𝑥 =  𝐶 𝑋 + 𝐶 𝑌 +𝐶𝐶 𝑋 + 𝐶 𝑌 + 1𝑦 =  𝐶 𝑋 + 𝐶 𝑌 +𝐶𝐶 𝑋 + 𝐶 𝑌 + 1

Collinearity Equations – Projective Trans.
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Collinearity Equations – Projective Trans.

• Can we derive some of the camera parameters & 
EOP from the projective transformation parameters?
– Yes

𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 =  𝛾 1 0 − 𝑥 𝑐0 1 − 𝑦 𝑐0 0 − 1 𝑐 𝑅 1 0 −𝑋0 1 −𝑌𝐴 𝐵 𝐶 − 𝑍
• For example (just to simplify the derivation), we can 

assume the following:
– The principal point coordinates (𝑥 , 𝑦 ) are (0,0), and
– The object plane equation is 𝑍 = 0.
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Collinearity Equations – Projective Trans.
• Given the above assumptions, the projective 

transformation parameters are expressed as follows:

𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 =  𝛾 1 0 00 1 00 0 − 1 𝑐 𝑅 1 0 −𝑋0 1 −𝑌0 0 −𝑍𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 =  𝛾 1 0 00 1 00 0 − 1 𝑐 𝑟 𝑟 𝑟𝑟 𝑟 𝑟𝑟 𝑟 𝑟 1 0 −𝑋0 1 −𝑌0 0 −𝑍𝐶 𝐶𝐶 𝐶𝐶 𝐶 =  𝛾 𝑟 𝑟 𝑟𝑟 𝑟 𝑟− 𝑟 𝑐 − 𝑟 𝑐 − 𝑟 𝑐 1 00 10 0
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𝐶 𝐶𝐶 𝐶𝐶 𝐶 =  𝛾 𝑟 𝑟 𝑟𝑟 𝑟 𝑟− 𝑟 𝑐 − 𝑟 𝑐 − 𝑟 𝑐 1 00 10 0𝐶 𝐶𝐶 𝐶𝐶 𝐶 =  𝛾 𝑟 𝑟𝑟 𝑟− 𝑟 𝑐 − 𝑟 𝑐
• The first and second columns of are orthogonal 

to each other:𝐶 𝐶 + 𝐶 𝐶 + 𝑐 𝐶 𝐶 =  𝑟 𝑟 + 𝑟 𝑟 + 𝑟 𝑟 = 0
𝒄 = − (𝑪𝟏𝑪𝟐 + 𝑪𝟒𝑪𝟓) 𝑪𝟕𝑪𝟖

Collinearity Equations – Projective Trans.
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𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 =  𝛾 1 0 00 1 00 0 − 1 𝑐 𝑅 1 0 −𝑋0 1 −𝑌0 0 −𝑍1 0 00 1 00 0 −𝑐 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 =  𝛾𝑅 1 0 −𝑋0 1 −𝑌0 0 −𝑍
𝐴 = 1 0 00 1 00 0 −𝑐 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1

B =  𝛾𝑅 1 0 −𝑋0 1 −𝑌0 0 −𝑍

Collinearity Equations – Projective Trans.
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𝐵 𝐵 =  𝛾 1 0 00 1 0−𝑋 −𝑌 −𝑍 1 0 −𝑋0 1 −𝑌0 0 −𝑍
𝐴 𝐴=

𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1 1 0 00 1 00 0 𝑐 𝐶 𝐶 𝐶𝐶 𝐶 𝐶𝐶 𝐶 1
𝐴 𝐴 = 𝐵 𝐵

𝐴 𝐴 1,1 = 𝛾𝑋 = − 𝐴 𝐴𝐴 𝐴 , 𝑌 = − 𝐴 𝐴𝐴 𝐴 , 𝑍 = 𝐴 𝐴𝐴 𝐴 − 𝑋 − 𝑌

Collinearity Equations – Projective Trans.
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𝑿𝟏𝑿𝒊𝑿𝒏

𝒙𝟏𝒙𝒊𝒙𝒏
These are unit vectors.

Collinearity Equations – Projective Trans.
• The rotation matric can be derived through 

quaternions.
• This approach is based on conjugate points in the image 

and object space.
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Collinearity Equations – Projective Trans.

𝑥  𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑥 − 𝑥 − 𝑑𝑖𝑠𝑡𝑦 − 𝑦 − 𝑑𝑖𝑠𝑡−𝑐
𝑋  𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑖𝑛𝑔 𝑡𝑜 𝑋 − 𝑋𝑌 − 𝑌𝑍 − 𝑍

• These vectors are assumed to be known.
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Quaternion-Based Derivation of 

𝑿 = 𝑅 𝒙 + 𝑒
min 𝑒 𝑒 =  min 𝑿 − 𝑅 𝒙 𝑿 − 𝑅 𝒙

=  min 𝑿 𝑿 + 𝒙 𝒙 − 2𝒙 (𝑅 ) 𝑿

• We need to derive that minimizes the Sum of 
Squared Errors.

max 𝒙 (𝑅 ) 𝑿 =  max 𝑅 𝒙 . 𝑿
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Quaternion-Based Derivation of 

max 𝒙 (𝑅 ) 𝑿 =  max 𝑅 𝒙 . 𝑿
max 𝑞𝒙 𝑞∗ . 𝑿 = max 𝑞𝒙 . (𝑿 𝑞)

= max 𝐶̅(𝒙 )𝑞 . (𝐶(𝑿 )𝑞))
= max 𝑞 𝐶̅ 𝒙 𝐶(𝑿 )𝑞

= max 𝑞 𝐶̅ 𝒙 𝐶(𝑿 ) 𝑞 = max  𝑞 𝑺𝑞
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Quaternion-Based Derivation of 𝑺𝒊 = 𝐶̅ 𝒙 𝐶 𝑿
𝑺𝒊 = 𝒙𝒐𝒊 −𝒙𝒙𝒊 −𝒙𝒚𝒊 −𝒙𝒛𝒊𝒙𝒙𝒊 𝒙𝒐𝒊 𝒙𝒛𝒊 −𝒙𝒚𝒊𝒙𝒚𝒊𝒙𝒛𝒊 −𝒙𝒛𝒊𝒙𝒚𝒊 𝒙𝒐𝒊 𝒙𝒙𝒊−𝒙𝒙𝒊 𝒙𝒐𝒊

𝑻 𝑿𝒐𝒊 −𝑿𝒙𝒊 −𝑿𝒚𝒊 −𝑿𝒛𝒊𝑿𝒙𝒊 𝑿𝒐𝒊 −𝑿𝒛𝒊 𝑿𝒚𝒊𝑿𝒚𝒊𝑿𝒛𝒊
𝑿𝒛𝒊−𝑿𝒚𝒊

𝑿𝒐𝒊 −𝑿𝒙𝒊𝑿𝒙𝒊 𝑿𝒐𝒊𝑺𝒊 𝟏, 𝟏 = 𝒙𝒐𝒊𝑿𝒐𝒊 − 𝒙𝒙𝒊𝑿𝒙𝒊 − 𝒙𝒚𝒊𝑿𝒚𝒊 − 𝒙𝒛𝒊𝑿𝒛𝒊𝑺𝒊 𝟐, 𝟐 = −𝒙𝒙𝒊𝑿𝒙𝒊 + 𝒙𝒐𝒊𝑿𝒐𝒊 + 𝒙𝒛𝒊𝑿𝒛𝒊 + 𝒙𝒚𝒊𝑿𝒚𝒊𝑺𝒊 𝟑, 𝟑 = −𝒙𝒚𝒊𝑿𝒚𝒊 + 𝒙𝒛𝒊𝑿𝒛𝒊 + 𝒙𝒐𝒊𝑿𝒐𝒊 + 𝒙𝒙𝒊𝑿𝒙𝒊𝑺𝒊 𝟒, 𝟒 = −𝒙𝒛𝒊𝑿𝒛𝒊 + 𝒙𝒚𝒊𝑿𝒚𝒊 + 𝒙𝒙𝒊𝑿𝒙𝒊 + 𝒙𝒐𝒊𝑿𝒐𝒊
Remember that 𝑥 & 𝑋 are pure quaternions.

Trace (𝑆 ) = 0
Trace 𝑺 = 0
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Quaternion-Based Derivation of 

max 𝝋 𝑞 = 𝑞 𝑺𝑞 − 𝝀(𝑞 𝑞 − 1)𝜕𝝋𝜕𝑞 = 2𝑺𝑞 − 2𝝀𝑞 = 0𝑺𝑞 = 𝝀𝑞
𝑞 𝑺𝑞 = 𝑞 𝝀𝑞 = 𝝀𝑞 𝑞 = 𝝀This is case only when 𝑞 is the eigenvector of 𝑺

𝑞 𝑺𝑞 will be maximum when 𝑞 is the eigenvector of 𝑺 that 
corresponds to the largest eigenvalue.

   max 𝑞 𝑺𝑞  ,  𝑞 = 1
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Quaternion-Based Derivation of 

𝑟 = 𝑞 + 𝑞 − 𝑞 − 𝑞𝑟 = 2𝑞 𝑞 − 2𝑞 𝑞𝑟 = 2𝑞 𝑞 + 2𝑞 𝑞
𝑟 = 𝑞 − 𝑞 + 𝑞 − 𝑞𝑟 = 2𝑞 𝑞 + 2𝑞 𝑞
𝑟 = 2𝑞 𝑞 − 2𝑞 𝑞
𝑟 = 𝑞 − 𝑞 − 𝑞 + 𝑞𝑟 = 2𝑞 𝑞 + 2𝑞 𝑞𝑟 = 2𝑞 𝑞 − 2𝑞 𝑞

𝑅 = 𝑟 𝑟 𝑟𝑟 𝑟 𝑟𝑟 𝑟 𝑟


