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Quaternions & Rotation 1n 3D Space

Chapter 7-A1l
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Overview

e Quaternions: definition

* Quaternion properties

* Quaternions and rotation matrices

* (Quaternion-rotation matrices relationship

* Spherical linear interpolation

e Concluding remarks
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Quaternions

qd=4qo +qxl +qyj +q;k

Real Part Imaginary Part

i’ =j =k’ =ijk=-1

I = jk=—kj

C e J
J=ki=—ik '
k=ij=—]i

e The real part for a “Pure Quaternion” 1s zero.
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Quaternion Multiplication

da = 9o, + qxai + qyaj + qzak =qo, + Ga = (qoa;zia)

dp = 4o, + Qx, i+ qy,j+ 9,k =qo, + Gp = (q,,; qp)

dalp

=qo, (do, + qx,i+4y,j+4z,k)
+ gy, i (@o, + dxyi + qy,J + qz,k)
+qy.J (qo, + Gx,i + qy,j + qz,k)
+qz,k (Go, + Qx,i + qy,J + 2, k)

« Using the rules in the previous slide, we can get the
following definition for quaternion multiplication:

daqp = (qoaqob - zia-zib; CIOaZI)b + qobzia + zia X Zib)
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Quaternion Multiplication

da = 90, + qxai + qyaj + qzak =qo, + Ga = (qoa;zia)

dp = 4o, + Qx, i+ qy,j+ 9,k =qo, + Gp = (q,,; qp)

Qaqp — anqb — Cqbqa 9o,
qx,
Qa qya
qz,

_qob

qxb

dy,
_qu

)
I

ol
|

dp

—qxa _qya _qza'
qoa _qza q}’a

qza qoa _qxa
_qya qxa qoa i

_qxb _qyb _qzb'
qo, 4z, —Ay,

_qzb qOb qxb
qyb _qxb qOb .

e (4. & ECIb simplify the quaternion multiplication to

matrix multiplication — ortho-normal matrices.
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Quaternion Multiplication

e Unit quaternions:

9o + qx + gy +az= 1

* For unit quaternions:

T
qulCQa

2

o, ~—Yx, "y, Tz 4o, Ax, Ay, 94z,
— qx, 9o, —4z, 4y, —qx, 9o, 94z, —4y,
qya CIza qoa _qxa _qya _qza qoa qxa
_qza _qya qxa qoa i __qza qya _qxa qoa
=] 4
r T _—
CCIb CCIb =14
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Quaternion Properties

e (Quaternion conjugate:
da = 9o, + Ax,i + 9y, J + 92,k = qo, + Ga = (90, qa)
da = 9o, — Ax,t — 9y J — 92,k = 9o, — 4a = (4o,; —qa)
9aq9a = (9o, t94) (o, — Ga)
do9: = (5, + Ga- 9> Q0,90 — 90,90 T9aX da)

* For unit quaternions:

qaqq = (1;0)
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Quaternion Properties

e (Quaternion conjugate:

e 1—qy, —q;, 4o, dx, a

_qzb qyb -

_qyb qu qOb _qxb b
__qu _qyb qxb qOb .

Rl
|
I
vQ
o)
S
Q
Q
S8

da- (Ap9:9)) = 9a-(C5,ap9.) = (C ,,qa) (@p9c) = (C,94)- (qp9.)
= (9495p)- (9b4.)
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Quaternions & Rotation Matrices

U is a unit vector
* Given the following quaternions:

q = cos + sinbu q* = cosO — sinfu
 ( 1s a unit quaternion.

e au is a pure quaternion (real part 1s zero).

au < > au = (0; au)
qauq’ = aquq’

qu = (cos08; sinfu)(0;u) = (—sinbu.u; cosfu + sinbu X u)

qu = (—sinf; cosOu)
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Quaternions & Rotation Matrices

quq* = (—sind; cosfu)(cos0; —sinbu)

quq* = (—sinBcosb + sinbcosOu. u;
c0s?01U + sin*0u — sinBcosOU X U)

quq* = (0;u)
gauq® = au 1

« The product gauq™ produces the same vector at.
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Quaternions & Rotation Matrices

AR > v =(0;7 + ai)
e 7 is perpendicular to u.
gn = (cos8; sinfu)(0; ) = (—sinbu.n; cosfn + sinbu X n)

gn = (cos@; sinfu)(0; ) = (0; cosOn + sinbin )
n)

-
n

<
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Quaternions & Rotation Matrices

qng* = (0; cosOn + sinfn, )(cosh; —sinbu)

anq’

= (sinfcosOn. U + sin*0n,.U; cos?On + sinBcosOn |
— sinBcosOn X U — sin?01, X U)

—

n,

S|

—

U
gng* = (0; cos?07 + sinBcosOn, + sinBcoshn, — sin*On)

gng* = (0; [cos?8 — sin?0]n + 2sinBcosHn )
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Quaternions & Rotation Matrices

gng* = (0; [cos?0 — sin?0]n + 2sinBcosO1i )
qnq* = (0; cos(20)n + sin(20)n ) 2

« From 1 & 2, one can conclude that:

qvq* = q(n + ai)q* = (0; au + cos(20)n + sin(20)n )

y axis

X axis

http://www.euclideanspace.com
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Quaternions & Rotation Matrices

v &qUq™ are pure quaternions
(V) & 1(qUvq™) are the imaginary components of ¥ & qUg™.
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Quaternions & Rotation Matrices

v = (0; au + n) u

v &qUq™ are pure quaternions
(V) & 1(qUvq™) are the imaginary components of ¥ & qUg™.
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Quaternions & Rotation Matrices

* Any 3D rotation matrix can be represented by a rotation
() around a unit vector ().

 This rotation can be defined by the following unit
quaternion:

3 9+.9 .+.9 .+.9 .
q = cos| sin| = Juyl +sin|{ = Juyj +sin| 7 Ju,

http://www.euclideanspace.com
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Quaternions & Rotation Matrices

* Rotation maintains the magnitude of a vector:

(qvq). (qvq™)
= (Eq*cqv)- (Eq*cqv)

(qvq").(qvq*) = VT CECpCqrCqv = VT D
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Quaternions & Rotation Matrices

Rotation maintains the angular deviation between two
vectors:

(qvaq™). (qvpq™)
= (Eq*cqva)- (C_q*qu’b)

(qvaq™). (qVpq™) = vZCZC_}C_q*qub = V4 Up
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Quaternions & Rotation Matrices

Rotation maintains the magnitude of a triple product:

[Va, Vb, Ve| = Vg (Vp X 1)
* Since:
— Quaternion rotation maintains vector magnitude.

— Quaternion rotation maintains angular deviation between two
vectors.

 Then:

— Quaternion rotation maintains the magnitude of the triple
product.

[Va, Vb, Vel = [qV0q%, qVbq™, qVcq"]
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* (Quaternion/rotation matrix relationship:

CE 59700: Digital Photogrammetric Systems

R¢*

o

—(x

| —qz

Quaternions & Rotation Matrices

< > qvq’

quq* = Cy=Cyv
dx Qy 4z ] (o
do —qz qy dx
d do —qx CIy
—dy (qx do 1147

20

2

—q, ~ 4y T4z
do —qz dy
dz Qo —qx

—qy dx do
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Quaternions & Rotation Matrices

* (Quaternion/rotation matrix relationship:

- o qx Qy 4z 1[qp —qx ~y ~U4z

C C. = —{qx do —4z  Gy||qy do —4z Gy
a4 =4 —qy 4z 4o —qx||9y 4z Qo —Ux

=4z —4y Qy do 119z —4y A x do

11 2 T3
21 T2 123
31 T31 133

0O R
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Quaternions & Rotation Matrices

* Quaternion to Rotation Transformation

r1=4q5+495—qz — q;

T2 = 2q4xqy — 24,4,
r13 = 2qxqz + ZQOCIy
21 = 24xqy + 29,4,
T2 =q3 — q5 + 95 — qz
23 = 24yq; — 2q,qx
131 = 24xqz — ZCIOCIy
32 = 24yq; + 2q,qx

33 =qz; —qy — qx T 45 . .
q & — q define the same rotation matrix
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Quaternions & Rotation Matrices

* Rotation to Quaternion Transformation (Option # 1)

i1+ T2 + 733 =395 —q5 — q5 — q
i1+ 1o + 133 =4q5 — 1

Qo =/ (11 + T3 + 733 +1)/2

32 — 123 = 4qoqx

qx = (32 —7123)/4q,

r13 — 131 = 4q,qy

qy = (r13 —131)/49,

21 —T12 = 4qoq;
q, = (’r21 — 1"12)/4610 Assumption: (T11+7”22 + 133 + 1) >0
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Quaternions & Rotation Matrices

* Rotation to Quaternion Transformation (Option # 2)

1 — Ty — 133 = 3%%_(13 _qul_qg :4%%_1
gy =+/(T11 —T22 —T33+1)/2

T T 7121 = 4‘CIxCIy

qy = (12 +721)/449x

r13 + 131 = 44,q;

q; = (r13 +r31)/49,

32 — T3 = 4qQ0q,

Qo = (r3z —123)/4q,

Assumption: (ry1—75, — 733 +1) > 0
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Quaternions & Rotation Matrices

* Rotation to Quaternion Transformation (Option # 3)

T =111 — 133 = 3%2/_(13_%%_(13 :4%2/_1
qy = (ryy — 11 — 7133 +1)/4
qy =+ (raz — 111 —T33 +1)/2

ri2 + 121 = 4q4qy
dx = (12 +121)/44q,
3 + 132 = 44y,
q, = (r3 +132)/49,

i3 — 131 = 4‘CIOCIy
q, = (r13 — T31)/4q, Assumption: (ry,—771 — 733+ 1) > 0
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Quaternions & Rotation Matrices

* Rotation to Quaternion Transformation (Option # 4)

T33 —Ti1 — T2 =347 — 45 — 4z — 9y = 4q7 — 1
4q; = (r33 — 111 — 122 + 1)

q; =/ (33 — 111 — Tz +1)/2

113 + 131 = 4qxq;

qx = (r13 +131)/449,

3 + 132 = 44,4,

qy = (r23 +132)/4q,

21 — 112 = 4404,

Qo = (121 —T12)/44, Assumption: (133—771 — 7o, +1) > 0
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Quaternions & Rotation Matrices

Rotation to Quaternion Transformation

Among the options, choose the one that ensures the

highest numerical stability.

e O

CE 59700: Digital Photogrammetric Systems

otion # 1: g, 1s the

otion # 2: g, 1s the

O,
Option # 3: g, 1s the
O,

otion # 4: q, 1s the

largest among (q,, qx, 4y, and q;).
largest among (q,, qx, 4y, and q;).
largest among (q,, qx, 4y, and q,).

largest among (q,, qx, 4y, and q,).
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Quaternions & Rotation Matrices
e The product of two quaternions:
q, = cosa + sina u qp = cosf + sinf u
qaqp = (cosa; sina u)(cosf; sinf u)

qaqp = (cosa cosf — sina sinf U.u;
cosa sinf U + sina cosf U + sina sinf u X u)

qaqp = (cosa cosf — sina sinf;
[cosa sinf + sina cosB|u)

qaqp = (cos[a + B]; sin[a + B]u)

 This product is equivalent to rotation angle (2[a + [])
around the axis u.
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Spherical Linear Interpolation

* Problem Statement: Given the rotations represented by

q1and g,, whose angular deviation 1s 8, we need to
evaluate the interpolated quaternion rotation g;, whose
angular deviations from g;and g, are 68;and 0,,
respectively.

q; = C1q, + C,q;

* As per the figure above: q; = (191 + (59>
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Spherical Linear Interpolation
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Spherical Linear Interpolation

sinf,

sin@
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Spherical Linear Interpolation

q1-q2 = cosf
Cy sinf,

/1 =0 = /SmH
C sinfy

2/1 =(; = /SmH

q; = C1q1 + C2q;

__sinf, / sinf, /

sing 11 T sing 42

i —
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Spherical Linear Interpolation

* Spherical Linear Interpolation 1s useful for:

— Interpolation of derived rotation matrices from integrated
GNSS/INS attitude — This 1s the case when deriving the
rotation matrices at much higher rate than that derived from
GNSS/INS unit (LIDAR & Line Camera systems)

— Modeling variation of the rotation matrices as time dependent
values for Line Camera Systems
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Quaternions & Rotation Matrices

* (Quaternions characteristics compared to rotation
matrices:
— It avoids the gimbal lock problem.

« Happens whenever the secondary rotation is 90°

« Two rotations take place around the same axis in space.

— Quaternion multiplication requires fewer operations compared
to multiplication of two rotation matrices.

— Quaternion-based rotation requires more operations when
compared to traditional rotation of vectors.

— Quaternions have one constraint while rotation matrices have 6
orthogonality constraints.

— Interpolation of quaternion rotations 1s much more straight
forward than 3D rotation matrices.
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Gimbal Lock

http://en.wikipedia.org/wiki/Gimbal lock

* A set of three gimbals mounted together to allow three
degrees of freedom: roll, pitch and yaw.

* When two gimbals rotate around the same axis, the system
loses one degree of freedom.
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Gimbal Lock

Z
A
Y
/ X
w = 90°
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Gimbal Lock

YA

=

> X

$ = 90°

CE 59700: Digital Photogrammetric Systems 37 Ayman F. Habib 7



N

Gimbal Lock

Kk =90°

w & Kk rotation angles are around the same axis in space.
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Gimbal Lock
" X )
Y
/ >X — > 7
Y
(90°,90°,90°)
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Gimbal Lock

Z
A
Y
/ X
w = 180°
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Gimbal Lock
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Gimbal Lock
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Gimbal Lock

» ) —

(90°,90°,90°)& (180°,90°,0°) are equivalent!!!

Singularity in the derivation of the rotation angles
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