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Verification 
Plate Model 

ÅCantilever bending 

ÅFixed plate vibration 

ÅResidual stress 

Constitutive Models 

ÅViscoplasticity 

ÅCreep 

Contact Model 
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ESBGK Model 

ÅTemporal/Spatial 

convergence rate 

ÅCouette flow with slip 

ÅFluid damping 

MPM Model 

ÅPull-in 

ÅViscoplasticity/size effects 

 Parallel Performance 

ÅMEMOSA-FVM-IBM 

ÅMEMOSA-FVM-Electrostatics+IBM 

ÅMPM 
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Plate Element Model 

Formulation 

Å Plate element model based on Mindlin-Reissner plate 

theory 

Å We solve for vertical deflection, and rotations about x 

and y-axes 

Å We balance moments about x and y-axes and force in 

the z-axis                        

 

 Finite Volume Method 

Å Mid-plane of plate divided into arbitrary convex 

polyhedra or cells 

Å Balance moments and forces on cells 

Å Fully-implicit second-order accurate formulation 

Å Direct solve using UMFPACK or iterative 

BCGSTAB/AMG solver 
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Verification: Cantilever Bending 

Mesh L/h = 10 L/h = 100 

5x5 0.497 0.5 

10x10 0.124 0.125 

20x20 0.031 0.031 

40x40 0.008 0.008 

Å Plate model accurately predicts 

deflection at the free end  

Å No shear locking for large aspect 

ratios 

Å Errors decrease by factor of 4 as 

mesh is refined by factor of 2 

Å Second-order accurate 

spatially 

 

Percentage error wrt exact solution 

Exact solution from 

beam theory: 
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Verification: Transient Vibration of Fixed-Fixed Plates 

400 um 

100 um 

q = -1 Pa 

Mean Plate 

Deflection (µm) 

Natural 

Frequency (Hz) 

Analytical -5.0x10-4 6.497x104 

FVM -4.99x10-4 6.485x104 

Å Undamped vibration 

Å Aspect ratio L/h=200 

Å Uniform load applied suddenly at t=0 

Å 40x40 spatial mesh;   t=10-6 s 

Å Euler-Bernoulli beam theory (  =0) 

 
2

03.1
L

hE

r
=W

Time (us) 
ȹt (x10-9 s) 

5 2.5 1.25 

25 -8.64166 -8.66507 -8.67684 

[ ] 992.0ln)ln(/1
12

23
21 =ù

ú

ø
é
ê

è

-

-
=

ww

ww
rp First-order  

n
D



6 

Residual Stress 

Voltage 

    (v) 

Residual 

Stress 

  (MPa) 

Max Deflection (um) top 

electrode 

Memshub 
Plate 

Model 

Structure 

Model 

100 
0 -0.2148 -0.2159 -0.213 

50 -0.1182 -0.1188 -0.118 

160 
0 -0.6868 -0.6903 -0.6778 

50 -0.3332 -0.3348 -0.3321 

Top Electrode 

V 

Air Gap 
Bottom 

Electrode 

V 

L = 400 um 

b = 100 um 

h = 4 um 

g = 3.75 um 

E = 200 GPa  

    = 0 

160x40 mesh for plate model 

1000x20 mesh for structure model 

n
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Plasticity and Creep 
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The strain tensor is assumed to be the sum 

of elastic and plastic components 

The stress tensor is related to the elastic 

part of the strain tensor:  
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Viscoplastic Model        

 

 

 

 

 

 

Creep Model 

 

 

 

 

 

        

m = 1: Diffusion Creep 

m = 2: Grain-Boundary Sliding 

m > 3: Power-law Creep 
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Verification:Creep Model 

A 

D 

B 

10000 Pa 

4 um 

400 um 

C 

After 500 hrs, plastic strain 

is of the same order of 

magnitude as elastic strain 

Plastic Strain 

Elastic Strain 

500 hrs 

E = 200 Gpa 

   = 0 

m = 2 

n = 2 

A = 8.33x10-6/s 

B = 1.8x108 
ȹt = 1 hr 

Mesh Size: 20x1000 

 GPay 10=s

Focus: Stage II creep 

n
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Good agreement in long-term 

creep behavior obtained using 

MEMOSA-FVM structural model 

and plate element model based on 

Mindlin-Reissner plate theory 

Total Deformation 

Creep Deformation 

Verification:Creep Model 
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Verification: Visco-Plastic Model 

Yield 

Stress (Pa) 

Displacement at E (mm) 

Present Work  CV_FVM FE MFVP 

5.5x109 0.33 0.3239 0.3258 0.3398 

6.5x109 0.313 0.3111 0.3123 0.3186 

7.5x109 0.3061 0.3047 0.3058 0.3099 

Infinity  0.3015 0.299 0.2999 0.3019 

Ref: Taylor, G. A., Bailey, C., and Cross, M., 1995, ñSolution of the Elastic/Visco-Plastic Constitutive 

Equations: A Finite Volume Approach,ò Applied Mathematical Modelling, 19(12), pp. 746-760. 
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Computational Domain 

O A 

D 

E 

B 

C 

ty 

Von-Mises Stress (Pa) Sample Mesh 

Perforated Visco-Plastic 

Tensile Strip 

E = 200 Gpa 

    = 0.3 

ty = 4 GPa 

Mesh Size: 1450 cells 

ty 

n
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Contact Model 

f (d) = -
H

6p

1 - x

d3
+

x

(d - x01)
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ú + Bexp - (d - x02)g[ ]

H = 0.23 ´ 10- 20 J

B = 3.529 ´ 106 N / m2

x = 0.1127

g = 22.69 ´ 109m- 1

x01 =1.6 ´ 10- 9m

x02 =1.99 ´ 10- 9m attractive force 

repulsive force 



Verification: Contact Model 
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Å Beam dimension: 10x10x2 nm 

Å Beam mesh: 20x20 

Å Background dimension: 12x12x6 nm 

Å Background mesh: 25x25x60 

Å Gap: 3 nm 

Å Voltage: 1V 

Å Density = 8912 kg/m3 

Å Boundary condition: beam at 1V, substrate 

at 0V, the rest is adiabatic 

Å Beam solution: plate model 

Å Electrostatics  & coupling:  

     parallel plate and field solution+IBM 

Å A solid body moves in an electric field and make contact with 

substrate 

Å Results from a full structural solution in MEMOSA-FVM are 

compared to the numerical solution of: 

 

 

ū=1 V 

ū=0 V 


