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Phonon Transport Across
Mesoscopic Constrictions

Introduction

Thermal contact resistance caused by constrictions or imperfect
contacts has long been studied in classical macroscale heat transfer applications such as heat exchangers, fins, composites, and
others. With the emergence of new nanomaterials, nanostructures
such as nanotubes, nanowires, nanobelts, and nanoparticles have
found widespread use in microelectronics, thermal interface materials, thermoelectrics, and other emerging applications 关1兴.
These developments have renewed interest in understanding interface problems that often govern functional performance. Nanoparticles, nanowires, and nanotubes are frequently used in composites, where the overall effective thermal conductivity and behavior
at the percolation threshold is limited by the interface resistance
关1–4兴. In emerging carbon nanotube 共CNT兲 and Si/Ge nanowire
field effect transistors 共FETs兲, contact resistance between the device and the substrate on which it lies can dominate the heat flow
path 关5–7兴. For example, the breakdown of single-wall CNTs between metallic contacts is governed by the electrical and thermal
contact resistance with the insulating substrates and metallic electrodes rather than the thermal properties of the insulating substrate
itself 关7,8兴.
When the nanostructures themselves are highly conducting, the
interface forms the critical bottleneck to transport, and a thorough
understanding of thermal transport at interfaces is therefore critical. This problem also manifests itself strongly when making
practical use of such one-dimensional high thermal conductivity
materials 关9兴. In the engineering of CNT-based thermal interface
materials, for example, the interfacial resistance between individual freestanding CNT tips and that between the CNT tip and
the substrate on which it is grown can overwhelm the intrinsic
thermal resistivity, decreasing the effective or apparent thermal
conductivity by as much as two orders of magnitude 关10,11兴.
Particle-filled thermal interface materials often rely on pathways
that should exponentially increase the thermal conductivity of
such materials above the percolation threshold 关12兴. However, as
length scales decrease, contact resistance begins to dominate the
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overall transport such that the apparent thermal conductivity can
be less than the host matrix, such as observed with carbon nanotube suspensions 关2兴. Quantitative prediction of interfacial heat
transfer is also essential to the use of thermal scanning probe
methods that employ localized heat transfer through the tip of an
atomic force microscope 共AFM兲 cantilever, as the accuracy of the
temperature map depends intimately on the thermal resistance
model used for calibration 关13,14兴.
A number of studies have sought to quantify the thermal resistance of nanowires in contact with substrates 关15,16兴 in geometries similar to that in Fig. 1. Understanding cross-plane phonon
transport in this geometry is critical in modeling thermal conductivity and electrothermal transport in Si/Ge nanowire FETs 关6兴, Si
nanowire based thin film transistors 关17兴, and thermo-elastic
damping in Si nanowire resonators 关18兴. A similar interest exists
in modeling nanoparticle interfaces for applications ranging from
aerogels 关19,20兴 and other low thermal conductivity materials 关21兴
to thermal management of metal hydride particle beds 关22兴. Here,
a nanowire or a nanoparticle is situated between substrates under
an imposed temperature difference 共T1 − T2兲. The overall thermal
resistance is the sum of the resistances offered by the substrates,
constrictions, and the wire or particle. Previous research has approximated this overall resistance with the constriction resistance,
either using the ballistic limit value Rcb or an approximation based
on the sum of the diffuse and ballistic constriction resistances Rcd
and Rcb 关15,23–25兴. These expressions have been developed for
point contacts to infinitely large objects. However, current applications such as wires and particles in contact have two defining
length scales: the diameter of the wire/particle 共D兲, and the contact width/radius 共a兲. A strict definition of a transition regime
under such conditions is difficult to establish. For example, there
may be enough bulk phonon-phonon scattering that phonon transport in the bulk of the particle is diffusive, even though the contact
length scale is still on the order of phonon mean free path l or
smaller. The neglect of wire and particle resistance is valid only in
the limit of high particle conductance. This circumstance occurs
for extremely small constrictions or at very low temperatures.
Furthermore, in the transition regime between the ballistic and
diffuse limits, the overall thermal resistance is not a simple addition of the ballistic and diffusive components. Therefore, the objective of this paper is to identify and quantify the ballisticdiffusive transition in thermal resistance across these contacts as a
function of the wire/particle Knudsen number.
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Fig. 1 Schematic of the geometry being simulated and the
corresponding computational mesh. The contact width of the
nanowire with the substrates is 2a and D is the wire diameter
„top…. The contact diameter of a nanoparticle with substrates is
2a and D is the particle diameter „bottom…. A 2D axisymmetric
model of particle on substrate is simulated.

When the contact radius a is much less than the phonon mean
free path l, the thermal constriction resistance in the ballistic limit
Rcb is given as 关15,23,25兴
Rcb =

4
4 Kn
=
CvgA 3ka

共1兲

where A = a2 is the contact area, k the bulk thermal conductivity
of the wire and substrate, and Kn 共=l / a兲 is the Knudsen number of
the contact. In the diffusive limit, the constriction resistance Rcd
depends on the geometry of the constriction and bulk contact but
varies inversely as the shape factor 2a / D, where D is the diameter
of the particle or wire. Analytical expressions for the thermal constriction resistance as calculated by a solution of the diffusion
equation may be found in Ref. 关26兴 for cylinder and in Ref. 关27兴
for a sphere between two plates. In the transition regime 共a ⬃ l兲,
phonon bulk scattering begins to play a role, and a direct solution
of the phonon Boltzmann transport equation must be used in order
to predict the heat flux crossing the constriction. Analytical solutions have been obtained by Wexler 关23兴 and Nikolic and Allen
关25兴 for a point contact between two infinite reservoirs for a range
of Kn. A similar analysis for the ballistic-diffusive transition of
thermal resistance for a wire in the axial direction is presented in
Ref. 关28兴. Analytical solutions of the Boltzmann transport equation for in-plane conductivity of thin films and axial conductivity
of wires exists for a range of Kn 关29兴. An empirical estimate of the
resistance in the intermediate Kn regime has generally been expressed in the form
Rc共Kn兲 = Rcb + ␥共Kn兲Rcd

共2兲

where Rcb is calculated using Eq. 共1兲 and Rcd = 1 / 共2ka兲 for a circular contact between two infinite reservoirs. Values of ␥ were
obtained in Ref. 关23兴 in the mesoscopic regime and reported to
range from 0.6 to 1.0 for a circular contact. Because Rcd ⬃ 1 / a and
Rcb ⬃ l / a2 ⬃ Kn/ a, the interpolation in Eq. 共2兲 works well in the
limits Kn→ 0 and Kn→ ⬁. For the transition regime, ␥ depends
on the specific geometry under consideration. Furthermore, the
contact width 2a / D is of order 0.01 to 0.1 for practical circumstances 关16兴. Because l / D → a / D as l / a → 1, the thermal resistance within the wire/particle may become a significant contribu042402-2 / Vol. 133, APRIL 2011

tor for mesoscale constrictions and may compete with the
constriction resistance.
In this paper, we employ a numerical solution of the gray phonon Boltzmann transport equation to compute thermal resistance
for the arrangements shown in Fig. 1 over a range of wire/particle
Knudsen numbers. We identify the contributions of the different
resistance components and quantify the error engendered in
simple additive resistance approximations. In formulating the
Boltzmann transport equation, we assume an incoherent particle
model of phonon transport with the group velocity and scattering
rate of bulk silicon. In doing so, we also ignore the possibility of
reduction in phonon transmission due to a mismatch in phonon
dispersion of the particle/wire and substrate 共bulk Si兲. Recent
work indicates that such mismatch will be significant only for
nanowires of diameter below 10 nm at room temperature 关30兴.
Wave effects become the dominant mechanism in impeding thermal transport across contacts at low temperatures 共the wavelength
of the dominant phonons in Si at 1 K is ⬃100 nm兲. This was
demonstrated in the experiments performed by Schwab et al. 关31兴
who measured the quantum of thermal conductance using a nanomembrane attached to heaters through a contoured bridge. Theoretical studies 关32,33兴 and nonequilibrium molecular dynamics
simulations 关34兴 in silicon, however, indicate that these effects are
limited to low temperatures. At room temperature, the dominant
phonon wavelength is small enough that constrictions larger than
1 nm do not exhibit reduced thermal conductance due to wave
effects and surface reconstruction does not affect phonon transmission 关34兴. The assumption of a monolithic contact in the current study discounts reduced phonon transmission that may occur
due to noncovalent van der Waals 共VW兲 interactions between the
two bodies. The present study of monolithic contacts render
mode-dependent phonon effects negligible because of the matched
phonon dispersion. This situation is in contrast to the study of
heterojunctions such as those in a superlattice 共where spectral
mismatch plays a significant role兲 or of electron-phonon coupling
in MOSFETs for which phonon emission is favored in a particular
frequency range. Similar gray Boltzmann transport equation
共BTE兲 computations have also been employed by Chung and Kaviany 关35兴 for modeling effective thermal conductivity of porous
silicon over a wide size range.
Details of the computational model and numerical implementation of the BTE are given in Sec. 2. Section 3 presents results for
thermal resistance based on a gray approximation of the BTE.
Section 4 includes a brief discussion of alternative thermal pathways between the two substrates—namely, conduction through
the surrounding gas gap and radiation between the two substrates.

2

Computational Model

The 2D geometry shown in Fig. 1 involves a nanowire or
spherical nanoparticle located between two substrates of the same
material, forming a nanoscale line contact 共in the case of a wire兲
or a circular contact 共in the case of a sphere兲 at the interface. The
width of the contact, 2a, is computed nominally as in Ref. 关31兴.
The wire and particle are assumed perfectly circular. Under the
assumptions outlined in the previous section, phonon transport in
the wire and substrate may be described by the BTE.
2.1 Gray Approximation. The Boltzmann transport equation
for the energy density of phonons under a gray assumption 关36兴
within the relaxation time approximation may be expressed as
ⵜ . 共vgse⬙兲 =

e0 − e⬙


共3兲

Here, e⬙共r , s兲 is the net energy density 共J / m3 sr兲 of all phonon
groups at position r and in direction s. The quantity e0共r兲 represents the angular average of e⬙共r , s兲 over all directions s at a given
position r.
Transactions of the ASME
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兺
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冉冕

冊

fបD p共兲d e0 =

1
4

兺
p

冉冕 冊
e⬙d⍀

共4兲
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Here, f is the nonequilibrium distribution function of the phonons,
 is their angular frequency, p is the phonon polarization, D p共兲
is the density of phonon states, and d⍀ is the incremental solid
angle. The gray BTE treats phonons of all polarizations and
wavevectors as having the same group velocity vg and a single
relaxation time . The group velocity vg is chosen to reflect the
velocity of the dominant phonon groups at the temperature under
consideration, and  is chosen so as to recover Fourier’s law at
KnⰆ 1 with a thermal conductivity, k = Cv2g / 3, at the required
temperature, where C is the volumetric specific heat capacity of
the solid. The temperature field is obtained as
1
4C

T共r兲 =

2.2

冕

e⬙共r,s兲d⍀

共5兲

4

Fig. 2 Definition of ⌬Tjump, ⌬Twire, and ⌬Tsub: the solid line
shows the computed temperature profile and dash-dotted lines
show the fitted temperature profile in each section

Boundary Conditions

2.2.1 Fixed-Temperature Boundaries. For a boundary with
given temperature T = Tb, the energy density of all wavevector
directions entering the domain from the boundary 共s · n ⱕ 0兲 is
given by
e⬙ = e0 =

CTb
4

共6兲

Here, n is the outward-pointing normal from the domain. The
volumetric specific heat C is assumed to be constant because the
temperature difference 共T1 − T2兲 is small. For all directions pointing toward the boundary from the interior of the domain, the
following boundary condition is used.
ⵜe⬙ · s = 0

共7兲

2.2.2 Diffusely Reflecting Boundaries. The interface value of
e⬙ at a diffusely reflecting interface for all directions incoming to
the domain 共s · n ⱕ 0兲 is given by
e⬙共r,s兲 =

1


冕

e⬙s · nd⍀

共8兲

ŝ·n̂⬎0

The wire/particle and substrate walls are assumed to reflect diffusely because the wavelength of dominant phonon groups near
room temperature is less than the typical surface roughness scale.
2.2.3 Symmetry Boundaries. Phonons are assumed to reflect
specularly at all symmetry boundaries on the substrate. For all
directions incoming to the substrate 共s · n ⱕ 0兲,
e⬙共s,r兲 = e⬙共sr,r兲

2.3 Numerical Method. The BTE is solved using a finite
volume method described previously 关36,37兴. Figure 1 shows the
unstructured meshes for both the wire and particle cases used in
most computations. Mesh independence tests were conducted for
a nanowire-substrate case with Dⴱ = 1.54 and 2aⴱ = 0.045 using
meshes of 1294 cells, 5174 cells, and 20,696 cells, and the computed thermal resistance did not change by more than 0.4% between the 5174 cell and the 20,696 cell meshes. Therefore, a 5174
cell mesh was used for most computations presented in this paper,
though finer meshes are used at larger acoustic thicknesses. An
angular discretization of 4 ⫻ 4 control angles in the octant is used;
comparisons with a finer discretization of 12⫻ 12 in the octant
yielded a difference of less than 0.5% in the constriction resistance. Similar tests were done for the particle-substrate case and
an unstructured mesh of 6967 cells as shown in Fig. 1. However
as the acoustic thickness increases and becomes larger than 10, a
finer discretization is required near the boundaries. Finer meshes
are used for cases when Dⴱ ⬎ 10.
2.4 Estimation of Resistance. The computed bulk temperature profile in the substrates is extrapolated linearly on both sides
of the constriction to the interface. The heat transfer rate Q is
obtained directly from the simulation. In the bulk of the wire
共sphere兲, the slope of the temperature profile in the central portion
is extrapolated to either end of the wire 共sphere兲 to capture the
effects of the constriction. Subsequently, the temperature jump
across the constriction, ⌬Tjump is computed as

共9兲

⌬Tjump =

where sr is the incoming specular direction corresponding to s:
s = sr − 共2sr · n兲n

共10兲

When gas gap conduction is considered for symmetry boundaries
bounding the gas domain, a zero normal temperature gradient condition applies
ⵜT · n = 0

共11兲

where n is the unit normal to the symmetry boundary.
Nondimensionalization of the governing equation yields the
following dimensionless parameters
Dⴱ =

D
,
v g

2aⴱ =

2a
v g

共12兲

where Dⴱ is the acoustic thickness of the wire/particle 共inverse
Knudsen number兲 based on its diameter, and 2aⴱ is the aperture
thickness 共inverse Knudsen number based on the dimension of the
contact兲.
Journal of Heat Transfer
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共13兲

The corresponding temperature drops in the wire/sphere and the
substrates due to three-phonon scattering may be calculated similarly and are denoted as ⌬Twire, ⌬Tsphere, and ⌬Tsub. These are
schematically shown in Fig. 2. We define the wire and substrate
resistances encountered in the configuration shown in Fig. 1 as
Rwire = ⌬Twire / Q ; Rsub = ⌬Tsub / Q. The total resistance of the complete configuration Rtot is given by Q / 共T1 − T2兲. The total resistance computed using the Fourier conduction model is denoted by
Rtot,d.

3

Results and Discussions

Computed resistances are presented below in terms of the nondimensional groups Dⴱ共=D / vg兲 and 2aⴱ共=2a / vg兲. For a silicon
APRIL 2011, Vol. 133 / 042402-3
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Fig. 4 Temperature distribution along the center line for wire
between substrates by Fourier diffusion and gray BTE for Dⴱ
= 0.15 and 2a / D = 0.03, 0.09

Fig. 3 Contours of dimensionless temperature in wire and
substrates for „a… Fourier conduction and „b… gray BTE for Dⴱ
= 0.15 and 2aⴱ = 0.45Ã 10−2

nanowire of diameter D = 40 nm lying on a silicon substrate, the
contact width as estimated using a van der Waals attraction force
and Hertzian contact theory 关16兴 is 2a = 1.2 nm. A similar estimate for a sphere of diameter D = 40 nm gives 2a = 1.6 nm. Furthermore, following the phonon branch averaging procedure of
Chen 关38兴, we use vg = 1804 ms−1, C = 0.93⫻ 106 J / m3 K, and l
= vg = 260.4 nm to calculate the nominal values of the dimensionless parameters as Dⴱ = 0.15 and 2aⴱ = 0.45⫻ 10−2. Contours
of the dimensionless temperature  = 共T − T2兲 / 共T1 − T2兲 are plotted
in Fig. 3 using the Fourier conduction and gray BTE models.
Thermal conductivity is derived from the phonon specific heat,
velocity, and scattering rate for the Fourier calculations as k
= Cv2g / 3. Figure 4 shows the corresponding dimensionless temperature along the centerline of the wire as predicted by the Fourier and gray BTE models for the nominal case and 2aⴱ = 0.0135.
The BTE results reveal that the substrate temperatures are nearly
uniform at  = 1 and  = 0, while the wire temperature is nearly
uniform at  = 0.5, commensurate with nearly ballistic transport in
both the wire and the constriction. For the 40 nm diameter silicon
wire considered here, the contact dimension 2a ⬇ 0.03D 共⬇0.04D
for the sphere兲 dictates that transport in the constriction region is
nearly ballistic for sufficiently small Dⴱ. In this limit, the ballistic
constriction resistance Rcb 共see Eq. 共1兲兲 is the appropriate resistance to use 关14兴. In contrast, the temperature field predicted by
the Fourier model has a diffusive character, and the contact resistance resulting from the Fourier prediction is significantly smaller
than that predicted by the BTE 共or than using Eq. 共1兲兲.
042402-4 / Vol. 133, APRIL 2011

Effect of Wire/Particle Acoustic Thickness. We now consider
the effect of acoustic thickness Dⴱ for a fixed value of 2a / D
= 0.03. All reported resistances are normalized by Rcb 共Eq. 共1兲兲
and are plotted versus Dⴱ in Fig. 5. For Dⴱ ⬍ 0.1, the wire and
substrate resistances contribute less than 5% of the total resistance
computed by the BTE and can be neglected with impunity. As the
wire diameter becomes greater than the bulk phonon mean free
path, phonon-phonon scattering in the wire increases rapidly; by
Dⴱ ⬇ 15 共2aⴱ ⬇ 0.45兲, bulk scattering in the wire accounts for as
much as 40% of Rtot. Assuming a phonon mean free path in silicon of approximately 260 nm at room temperature 关38兴, these
results suggest that wire resistance is significant only for wire
diameters greater than approximately 1 m. For diameters below
260 nm at room temperature, the error engendered by ignoring
wire resistance is less than 5% but may become significant for
wire constrictions at higher temperatures as the phonon mean free
path decreases. The substrate resistance also follows the same

Fig. 5 Variation of contact resistance with Dⴱ for a wire between substrates, 2a / D = 0.03
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Fig. 6 Variation of contact resistance with Dⴱ for a sphere between substrates, 2a / D = 0.04

trend.
The diffusive resistance Rtot,d, obtained by the numerical solution of Fourier diffusion equation, severely underpredicts Rtot for
Dⴱ ⬍ 10. Likewise, the ballistic resistance Rcb is significantly
smaller than Rtot for Dⴱ ⬎ 10. Figure 6 shows similar results for
the case of a spherical constriction. In the case of a sphere, the
constriction is much more abrupt, and hence phonon scattering in
the bulk of the particle is negligible even in the diffuse limit. The
overall thermal resistance is governed primarily by scattering at
the constriction 共boundary scattering for 2aⴱ Ⰶ 1 and phononphonon scattering at 2aⴱ Ⰷ 1兲.
For the range 1 ⬍ Dⴱ ⬍ 100 共i.e., 0.03⬍ 2aⴱ ⬍ 3兲 in Fig. 5, the
transport in the constriction region becomes increasingly diffusive, and neither the diffusive resistance as calculated from the
Fourier diffusion equation nor the ballistic resistance produces
satisfactory estimates of the total resistance between the two substrates. It has been suggested 关15,23–25兴 that in this transition
regime, an estimate of the constriction resistance can be made by
simply adding Rcb and Rcd or by introducing a correction factor ␥
as in Eq. 共2兲. Figure 6 shows the variation of the parameter ␥ in
the simple additive formula as a function of the normalized contact spot size 2aⴱ. The formula works reasonably well for 2aⴱ
⬍ 0.1 with ␥ = 0.76 for a cylinder and ␥ = 0.63 for a sphere and
point contact. As the constriction width increases into the range
0.1⬍ 2aⴱ ⬍ 10, significant departures from the simple additive
model appear, and in this regime, ␥ varies with the contact spot
size. Then, for 2aⴱ ⬎ 10, the additive model converges toward a
constant ␥ value of unity. Following 关23兴, we compute a correction factor ␥ for the two types of constrictions, defined as
Rtot共aⴱ兲 = Rcb + ␥共aⴱ兲Rtot,d

Fig. 7 Correction factor ␥ as a function of 2aⴱ for wire, sphere,
and point contact

force constants and the neglect of self-weight and other forces.
Figure 8 shows the variation of the total resistance Rtot / Rcb for
Dⴱ = 0.15 and 1.5. Also shown is the relative magnitude of bulk
scattering in the wire characterized by Rwire / Rcb. The computed
values are very close to unity at Dⴱ = 0.15, which is expected
because the constriction is ballistic in this range 共2aⴱ
= 0.0045– 0.0135兲. At Dⴱ = 1.54 共2aⴱ = 0.045– 0.135兲, however,
some diffusive effects exist. These effects are not very strong for
the range of Dⴱ investigated. Interestingly, as the contact width
increases, the bulk scattering in the wire becomes more significant
in comparison to constriction resistance even at low Dⴱ and scales
almost linearly. As the contact width increases, the bulk scattering
in the wire starts to become more significant in comparison to
constriction resistance even at low Dⴱ and Rwire / Rcb scales almost
linearly. These simulations indicate that the ballistic limit is attained for both wire and particle between substrates when Dⴱ
⬃ 1, indicating that though there is some phonon-phonon scattering in the bulk of the wire, the constriction resistance far overwhelms this and governs the transition to the ballistic limit. On the
other hand, the computations line up with the diffuse prediction by

共14兲
ⴱ

We find through simple curve fitting that ␥ = 共1 + 4.97/ 2a 兲 / 共1
+ 6.52/ 2aⴱ兲 for a wire and ␥ = 共1 + 7.32/ 2aⴱ兲 / 共1 + 11.66/ 2aⴱ兲 for a
sphere. These functions are also plotted in Fig. 7 along with the
factor ␥ = 共1 + 0.83/ 2aⴱ兲 / 共1 + 1.33/ 2aⴱ兲 for a point contact, computed in Ref. 关23兴. The value of this correction factor depends on
the shape of the constriction for the cases considered here and
varies by nearly a factor of 2 in the mesoscopic regime. Values of
␥ yield the same form in the transition regime for the contact
formed by sphere on a substrate and that of a point contact between two infinite spheres because the shape of the two contacts is
circular 共⬃0.62 as 2aⴱ → 0兲. The constriction formed by a wire on
a substrate is rectangular and has a slightly different limit as
2aⴱ → 0.
The effect of varying the contact width 共2a / D兲 at a constant
wire acoustic thickness Dⴱ has also been investigated. Though an
estimation of a may be obtained as in Ref. 关16兴, there is uncertainty in the computed value because of the uncertainties in the
Journal of Heat Transfer

Fig. 8 Variation of constriction resistance with constriction
width 2a / D
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Table 1 Ratio of thermal conductance with and without conducting gas in the gap between the substrates as a function of
particle diameter for 2a / D = 0.04. Standard temperature and
pressure are assumed. kfⴱ = 1.66Ã 10−4

Fig. 9 Schematic of the geometry and unstructured mesh
used in coupled BTE-Fourier slip calculation

Particle diameter
共nm兲

Ratio of thermal conductance
with and without gas

Kng

40
120
240
480
720
1440
2880

1.42
1.37
1.30
1.24
1.20
1.16
1.13

3.39
1.13
0.57
0.28
0.18
0.094
0.047

− k f ⵜ Tslip · n =

冉冕

vge⬙s · nd⍀ +

s·n⬎0

冕

vge0s · nd⍀

s·nⱕ0

冊
共16兲

2aⴱ ⬃ 3 共Dⴱ ⬃ 100兲 showing that bulk scattering in the wire
共equivalently the wire length scale兲 indeed determines the transition to the diffuse limit.

4

kⴱf

Effect of Gas Gap Conduction

An assessment of the alternative pathways for heat transfer is
also relevant for practical problems. The presence of a conducting
gas in the gap between the substrates can act as a complementary
pathway for heat transfer. Because air molecules at standard temperature and pressure 共STP兲 have a mean free path of about 65
nm, it is necessary to incorporate a finite temperature jump at the
boundaries. To mimic the effects of heat transfer by air molecules
in the subcontinuum regime, we solve the diffusion equation for
heat conduction in air with temperature slip at the solid boundaries 共rather than a full invocation of the Boltzmann kinetic model
for gas molecules 关39兴兲 in conjunction with the phonon BTE in
the solid 共Eq. 共3兲兲,
kgasⵜ2T = 0

Tslip = Twall +

2 − ␣g 2 2
␣g  + 1 

冑

冉 冊

 1 T
8RT Pr  n

共15兲
slip

where n is the local normal coordinate at the gas-solid interface,
␣g is the accommodation coefficient of gas molecules on the solid
surface,  is the viscosity of the gas,  is the ratio of specific
heats, and  is the gas density. Overall thermal conductance can
be calculated to reasonable accuracy even with this approximation
关40,41兴. For detailed modeling results of thermal transport employing a simultaneous solution of the gas phase and phonon Boltzmann equation, the reader is referred to Ref. 关42兴. Typical accommodation coefficients for air on oxide-terminated surfaces is
␣g ⬇ 0.9,  = 1.4. The schematic and mesh details of the computational domain are shown in Fig. 9. When gas gap conduction is
included, the net phonon energy flux leaving the wire/substrate
must balance the Fourier heat flux in the gas. The net phonon
energy flux leaving the wire or substrate is the difference of the
incoming phonon flux, the reflected phonon flux, and the phonon
emission at the interface due to the interface temperature 关41兴.
Assuming diffuse emission and that the emissivity of phonons is
equal to the absorptivity 共=1兲, the interfacial heat balance can be
expressed as
042402-6 / Vol. 133, APRIL 2011

The nondimensional parameters arising out of this coupling are
the ratio of solid to gas thermal conductivities and a Knudsen
number based on the temperature slip length of gas molecules,

=

kf
Cv2g/3

;

冉

2 − ␣g 2 2
␣g  + 1 
Kng =
D

冑

 1
8RT Pr

冊

共17兲

The relative contribution of heat conduction through the gas gap
to the total thermal conductance increases as the length scale decreases 共because the thermal conductance of the solid contact decreases兲. Simulations including gas gap conduction for the wire
indicate an increase in thermal conductance of less than 4% for a
wire of diameter 40 nm 共2a = 1.2 nm兲. As the length scale increases, the contribution of gas gap conduction decreases. Therefore, most heat conducts through the solid at STP. However, conduction through the gas phase can be competitive with that
through the solid at higher gas pressures. An estimate of thermal
conductance without interfacial temperature slip indicates that
conductance may increase by more than 100% over the value
without the gas.
For the sphere, however, the constriction is three-dimensional
and has significantly higher resistance 共lower conductance兲 than a
two-dimensional constriction as in the case of a wire. Thermal
conductance is significantly increased by the presence of a surrounding medium. Simulations reveal that the conductance increased by 40% for a 40 nm particle between substrates 共2a
= 1.6 nm兲 even when the gas phase is in the high Km regime. As
ambient pressure of the gas is increased the gas gap may be the
determining pathway for heat transfer. When temperature slip in
the gas is not included in the simulations, conductance increases
eightfold. Table 1 shows the ratio of thermal conductance with
and without the presence of surrounding gas gap for different
particle sizes with 2a / D = 1.6 nm. The contribution of the gas gap
to thermal conductance decreases as the constriction becomes less
and less resistive and is less than 10% for particle sizes greater
than 10 m. Figure 10 shows the temperature contours including
gas gap conduction for particle of size 40 nm 共left兲 and that for
2.8 m 共right兲. The temperature drop within the gas gap in the
high Kn regime is highest across the solid-gas interfaces while for
the larger particle, conduction through air is almost diffuse and
increases conductance by 13% 共Table 1兲.
Thermal radiation between the two substrates through the gas
gap may also play a role in heat transfer. At a temperature of 300
K, the blackbody radiative heat flux is found to be nearly five
orders of magnitude smaller than that due to phonon transport.
Near-field enhancement for silicon without doping may increase
Transactions of the ASME

Downloaded 09 Jan 2012 to 128.46.221.4. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

Fig. 10 Contours of nondimensional temperature for thermal
conduction across nanoparticle of diameter 40 nm „left… and
2.8 m„right… sandwiched between two substrates with air in
the surrounding gap. 2a / D = 0.04

radiation heat transfer by approximately an order of magnitude as
compared with blackbody radiation 关43兴, but the overall effect is
still far smaller than the phonon contribution.

5

Conclusions

In this paper, the phonon Boltzmann transport equation is
solved for a wire or a particle sandwiched between two substrates
to compute the overall thermal resistance in the mesoscopic regime. The ballistic expression for resistance to heat flow
共4 / CvgA兲 is found to be valid for as long as the aperture thickness
2aⴱ Ⰶ 1, but departure from this value is seen at lower particle or
wire Knudsen numbers. For the transition regime, where bulk
scattering effects are not negligible, it is found that the predicted
total resistance departs significantly from both the ballistic and
diffuse estimates. Curve fits to the computed resistance are provided in the form of a correction factor ␥, which shows a dependence on constriction geometry in the mesoscopic regime. The
resistance due to the bulk of the wire becomes important only for
relatively large-diameter wires in the micron range. For spherical
particles, the bulk resistance does not play a role even for very
large particles. Gas gap conduction may be the primary pathway
for heat transfer between the nanoparticle and substrate or nanoparticles in contact with each other.
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Nomenclature
2a
2aⴱ
A
C

⫽
⫽
⫽
⫽

D
Dⴱ
e⬙
e0

⫽
⫽
⫽
⫽

contact width/diameter 共m兲
aperture/contact acoustic thickness
contact area 共m2兲
volumetric specific heat of phonons
共J m−3 K−1兲
diameter of the wire/particle 共m兲
wire/particle acoustic thickness
directional phonon energy density 共J m−3 sr−1兲
angular average of directional phonon energy
density 共J m−3 sr−1兲

Journal of Heat Transfer

ប ⫽ reduced Planck constant 共J–s兲
k ⫽ bulk thermal conductivity of solid
共W m−1 K−1兲
kgas ⫽ thermal conductivity of gas molecules
共W m−1 K−1兲
Kn ⫽ Knudsen number for the contact
Kng ⫽ Knudsen number for gas molecules
l ⫽ phonon mean free path 共m兲
n ⫽ unit normal vector to the surface
Pr ⫽ Prandtl number
r ⫽ position vector 共m兲
R ⫽ universal gas constant 共J K−1 mol−1兲
Rc ⫽ constriction resistance 共K/W兲
Rcb ⫽ ballistic constriction resistance 共K/W兲
Rcd ⫽ diffusive constriction resistance 共K/W兲
Rsub ⫽ substrate thermal resistance 共K/W兲
Rtot ⫽ total thermal resistance 共K/W兲
Rtot,d ⫽ total diffusive thermal resistance 共K/W兲
Rwire ⫽ wire thermal resistance 共K/W兲
T ⫽ temperature field 共K兲
Tslip ⫽ slip temperature of gas molecules 共K兲
Twall ⫽ wall temperature at gas-solid interface 共K兲
⌬Tjump ⫽ temperature drop across the constriction 共K兲
⌬Tsub ⫽ temperature drop in the substrate 共K兲
⌬Tsphere ⫽ temperature drop in the sphere 共K兲
⌬Twire ⫽ temperature drop in the wire 共K兲
Greek Symbols
␣g ⫽ thermal accommodation coefficient of gas
molecules
␥ ⫽ correction factor for resistance in the transition
regime
 ⫽ ratio of specific heats
 ⫽ relaxation time of phonons 共s兲
 ⫽ dimensionless temperature profile
 ⫽ dynamic viscosity of gas 共kgm−1 s−1兲
 ⫽ density of gas molecules 共kgm−3兲
 ⫽ phonon frequency 共rads−1兲
d⍀ ⫽ incremental solid angle 共sr兲
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