








































































































































































































































































Profffonvectors
of x re xe and 83 13
ñ x Je 729 and v3 X3
The kinetic energy
T 42mF ygbmvz.IT2mV3B Y2mxT 12Bmx Yami

my 6m22 4m33

m fossil
The potential energy
U k X2 x 12K Xs X2

2 KIX X2

2 K X2 x K X2 43 k 2x X 73

2 11 3 X2

Equilibrium position
Xie Me Xe 0

141 22 L 142 421 222
K 43 431 23 0

422 24 24 423 132 2125 k

133 21 K






































































































































K K K O

K 2K K

O K K

EON EM É t KIT D assume eat

FEMI T KJ ÉeF O

11L K TBM 2K K

Take determinant to determine CE

CE PM TK
1
AM T 2k K

K TBM TK

ta

f g
e

Tmtk

CE Hm K Tmt 2K TBM K K

K C K XM TK

CE M3BAG 1 2km294 B 2 Em 47 0

A TW

CE IBM WE ATI 2km WE 13 2 KEmW2 O
Rewrite

CE Bm3W4 1 2km'W OBTAIN 02 0






































































































































Factoring and only keeping positive roots

W 0 WE Mm Ws FIT Fm

Wi 0 indicates a rigid Body mode

Wy's behavior is interesting

What

as its increases the

3
natural frequency decreases

Solve for modal vectors

Iwm K K 0 I
K WBBM 2K ICto

a monk o

Let w 0

β
K 0

can 1 o

O K K






































































































































K KAI 0 12 1

KCI 2K 1 K 3 0 Is

W Mm

o k 0
0

12 0

KCI 1 IBKT2K 0 K 3 0 13 1

E

we Fm

cypic ie

BEB
kt2k k e 8

a it Is






































































































































214,3 1 1112 0

X2 2B

K 1 2 13 K 2K 2b K 13 0

11 1 2K 2K BK 62 K X3 O

K 2K K X 3 1

In summary

i
lumy

1
I

W 0 We Mm was FEB Fm

Law
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These mode shapes are orthogonal

t c cos Wit s sina.tt

cx ̅ rosW2t 52 sin wet

Cs const T 53
3
sin Wst

s 52 53 if 10 8

a x ̅ m xC̅O 2T m x ̅ O

m x ̅ 2T m

3 m xC̅O

x ̅ ᵗ
m

3

For a system that responds at the rigid body

mode set 101 No

a c

list p XL Mom 2 15

M 2 B

T llL O

C No






































































































































2 210137 8 8
I 0 m

0

2m10
13778m
Ld 0 M t

62 0

1 4313 18m 811Ld 0 m
0

1 41313 18 8 2m 4mg

Ld 0 M

I a cos we only 1st mode

responds






































































































































for a system that responds with 1ˢᵗ flexural
mode

set To xoI 8 s se 53 0

a c

T L
M 2 B

I L
a cost LL 2mNO

2m10
13pm8m8110m

Cz No






































































































































1 4313 18 8
com g

63 0

1
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2m 4mg

10m
D

c2É cos we t

a mode response






































































































































Problem 4,2
e
C

kyTEEr c

s'm
P

r
Kr

KN Kn

o
re

E EE
M

lakhs
To XP as

Fp To Ppo ni t yj rer

Tp of fed roles
p
i 9 and er and are two different coordinate
systems but they are related by

on
et

In COSOT sing
er sin cos

90

Tp tip icosoi isinos r sin trocosoj
vp icoso r sin 9 if rising trio coso j
Write out kinetic potentialenergy ragliegh dissipationfunction






































































































































T Mx ̅ Mg 12m VI To

T 12Mt Mg 12m isin if cos

12m ricose x ̅ r0 sin d 2

T 42mi mtm at mtm g 12mn02

misinaigi mrcos0g mcoso Pi masin 00

U 2 k7 2 kyy 12km

R 2 CxÑ 2 yj 2 cñ

Lagrange's Equations

II In 21 21 0

2 ME tml 2sinor0 cosor0 tcosdi.to rsina

41 0
2 2nA 2 2kxx

mtm moose 2cxx ̅ 2mrsinRtR 2KxX

mS cos Rtr 0

412 Fy 21g 21s o

Fy Mistm 2105080 sin Or sin OF rios

24
0
2 24g 2 2kg8






































































































































Imtm if msinrti 2cg 2mrcosreñ

2kgup m Esin her 0

412 In 2k 21 0

F m r cosa go sino c j

In MOI sino I cos if trO

2 2h 21 Kr

ma mcosreitms.in Reg Scp t KMB r 0

In summary

1 mtm moose 2cxx ̅ 2m Sinner 2KxX

mS cos Rtr 0

2 Imtm if msinrt.it 2cg 2mrcos.tn

2kg y misinner 0

3 ma mcosreitms.in rely 28 KMB r O






































































































































Not needed but we can write in Matrix form
as

Mt M 0

moose 151 mg

11 c.im E 3 o

lignoring the x y dynamics
leads to

mi 20 1 mar 0

Rs Mm grows unbounded

we ignore the other equations and just
look at an dynamics

If 1 0 and we ignore damping

mom mi.mgO O

4

1 13 0
m






































































































































assume Ieine we eine

we mtm 2km

w mtm 2kg O

went

Det F m M 2kx Elmtm
2111

1504
0

W m M 2km 0 W I

w MTM 2kg 0 w I g
w m k o W an

These are decoupled oscillators so

L
Ws Fm

Wi FI FEE






































































































































if coset L since 0

1M me
on E

so

11 c.im 3 0
I

x ̅ I eire and RIeirt

0 mWC_mR

f
warm M 2km

O w m A 2kg

w'm
0 warm

mil I o

see Mathematica Code

w Em I

We f 111mA A mr 2kx FFm tmA A klmtAAT.mg
21m mA A2

I

1

ÉÉÑ
0

I






































































































































W
111mA A mr 2kx FFm tmA A tklmtAT.mg

21m mA A

ÉÉ
0

I

ifsinre lcosre

mo.mnmmn E

11 3 0

x ̅

Leire
and RIeirt

0
warm M 2km 0

O w Cm A 2kg mrr mw I

O w m W m K mR Is






































































































































w Em I

We_
111mA A mr 2kg FFCmtAktmrfklmtAAT.mg

2A m A

0

Kenta Al2kameHF tEkmn

i

W
111mA A mr 2kg f aim A ktmr.tkm AATmreyje2ACmA

I 0
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In[289]:=

Clear["Global *"];
Remove["Global`*"];

Case 1
In[291]:=

MMM = {{m + M, 0, m}, {0, m + M, 0}, {m, 0, M}}
Out[291]=

{{m + M, 0, m}, {0, m + M, 0}, {m, 0, M}}

In[292]:=

MatrixForm[MMM]
Out[292]//MatrixForm=

m + M 0 m
0 m + M 0
m 0 M

In[293]:=

KKK = {{2 * kx, 0, -m * Ω^2}, {0, 2 * ky, 0}, {0, 0, k - m * Ω^2}}
Out[293]=

2 kx, 0, -m Ω2, {0, 2 ky, 0}, 0, 0, k - m Ω2

In[294]:=

MatrixForm[KKK]
Out[294]//MatrixForm=

2 kx 0 -m Ω2

0 2 ky 0
0 0 k - m Ω2




































































































































In[295]:=

FullSimplify[{vals, vecs} = Eigensystem[{KKK, MMM}]]
Out[295]=


2 ky

m + M
,

-k m - k M - 2 kx M + m M Ω2 + -8 kx -m2 + m M + M2 k - m Ω2 + k (m + M) + M 2 kx - m Ω22

2 m2 - m M - M2
,

k m + k M + 2 kx M - m M Ω2 + -8 kx -m2 + m M + M2 k - m Ω2 + k (m + M) + M 2 kx - m Ω22

2 -m2 + m M + M2
,

{0, 1, 0},


k (m + M) - M 2 kx + m Ω2 + -8 kx -m2 + m M + M2 k - m Ω2 + k (m + M) + M 2 kx - m Ω22

4 kx m
,

0, 1,

-
-k (m + M) + M 2 kx + m Ω2 + -8 kx -m2 + m M + M2 k - m Ω2 + k (m + M) + M 2 kx - m Ω22

4 kx m
, 0, 1

Case 2
In[296]:=

MMM = {{m + M, 0, 0}, {0, m + M, 0}, {0, m, M}}
Out[296]=

{{m + M, 0, 0}, {0, m + M, 0}, {0, m, M}}

In[297]:=

MatrixForm[MMM]
Out[297]//MatrixForm=

m + M 0 0
0 m + M 0
0 m M

In[298]:=

KKK = {{2 * kx, 0, 0}, {0, 2 * ky, -m * Ω^2}, {0, 0, k - m * Ω^2}}
Out[298]=

{2 kx, 0, 0}, 0, 2 ky, -m Ω2, 0, 0, k - m Ω2

In[299]:=

MatrixForm[KKK]
Out[299]//MatrixForm=

2 kx 0 0
0 2 ky -m Ω2

0 0 k - m Ω2

2     HelicopterMathMat.nb




































































































































In[300]:=

FullSimplify[{vals, vecs} = Eigensystem[{KKK, MMM}]]
Out[300]=


2 kx

m + M
,
k m + k M + 2 ky M - m M Ω2 - 8 ky M (m + M) -k + m Ω2 + k (m + M) + M 2 ky - m Ω22

2 M (m + M)
,

k m + k M + 2 ky M - m M Ω2 + 8 ky M (m + M) -k + m Ω2 + k (m + M) + M 2 ky - m Ω22

2 M (m + M)
,

{1, 0, 0},

0,
2 m M Ω2

-k (m + M) + M 2 ky + m Ω2 + 8 ky M (m + M) -k + m Ω2 + k (m + M) + M 2 ky - m Ω22
, 1,

0,

-
2 m M Ω2

k (m + M) - M 2 ky + m Ω2 + 8 ky M (m + M) -k + m Ω2 + k (m + M) + M 2 ky - m Ω22
, 1

HelicopterMathMat.nb     3







































































































































































































































































Homework 4.1

UNIT UCLA 0

OCN

ex net
E A

a o

Equation of Motion EA SAFE

Separable solution unit Ux TLT

EU a TH gU x TLt EU ln 74 we

gU x TLD

U'la wÉs_Ula 0 U a BUN 0

B WEE

TED WTH 0

The solutions are of the form

TG cos we S sinart Ula as.in Bx bcos1Bx


























































































Evaluate Boundary Conditions

410 T 410 TG O

u LT UCL TG O
n 1 a

410 0 a cos O bsin O A 0
70

UCL 0 a cos IBL b sin BL Bsin IBL

The characteristic equation CE bs.in

BLb0 is the trivial solution where U 0

sin IBL 0 IBL T 2T 3T

Bn nth n 1 2 3

Now IB WFE Bn NTL Wife
Wn Fg Bn E NEE
Unlox bn sin NTL Modal Function



U N

g
1ˢᵗ 3 mode

shapes
U A

fix
43 A

Win

Turning attention to initial value problem
I w T 0 becomes

In wñTn O n 1 2,3

and the solution

TIT Ccoswt 5 sin we becomes

Tn t Cncoswnt Snsin Wnt



Evaluate IC's

3 ulnio dola Unlox Cn

4 2 40 0 an Unix Sn

We will use the formulas

n So Un x docxo dx

SoUnix dox

sn So Unix 2 10 dx

WnfoUnla dox

Let's evaluate Unix Uo xOdx since dow is

symmetric

Un a uo x oldx
So cxuocno dx n odd

0 n even



only look at n odd

So Uncxluolx.oldx 2fa.ca Uncaldox

2 exs.in ntxl dox

2eq
xcosnt e 1sinntx
NTL ATL

24
4 12 ate sinners

1 1 3 51

FI zsinnt z

Now evaluate Unix dx So sinntxJdox

42

n So Unix docx o dx 2So 4ncxUocao dx n odd

0 n even

SoUnix dox



Cn uncauocx 0dx n odd

0 n even

Cn F sinntz n odd

0 n even

unit Ʃ Cnsin NTL cos NTFE t


